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0. Introduction. 

Let X be a K3 surface or an abelian surface over a field t. In [3], Bridgeland introduced the notion 
of stability condition for objects in the bounded derived category D(X) of coherent sheaves on X. It 
consists of a t-structure of D(X) and a stability function on the heart. Bridgeland showed that the set of 
stability conditions Stab(X) has a structure of complex manifold. Then he studied Stab(X) In particular, 
the non-emptiness of this space was shown by constructing interesting examples of stability conditions. For 
/3 e NS(X)(Q) and an ample Q-divisor w, the example consists of an abelian category 2l(^^(^) which is a tilting 
of Coh(X) by a torsion pair and a stability function •Z^(;3.cj) on it. The structure of 2t(^^(^) was studied further 
by Huybrechts [8]. In particular, it was shown that 2t(^^) is useful to study the usual Gieseker semi-stable 
sheaves. In this paper, we shall slightly generalize Bridgeland's construction. In particular, we shall relax 
the requirement on in [5]. Then we study some basic properties of the categories. We introduce a special 
parameter space of the category 2l(^ (^) and study its chamber structure. Since (2l(^^tj), Zj^^^)) is a stability 
condition, our parameter space is a subspace of Stab(X). 

In order to study the moduli space of Gieseker semi-stable sheaves, it is important to study the behavior 
of Gieseker semi-stable sheaves under Fourier-Mukai transforms. In [28] and [SO] sect. 3.7], we studied 
this problem. In this paper, we shall translate our previous results into the theory of Bridgeland's stability 
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conditions. In particular, wc shall discuss the relation between Bridgeland's stability and the twisted stability 
under the so-called large volume limit, i.e., (w^) ^ 0. This relation was already discussed by Bridgeland 
[S], Toda [H], Bayer [2], Ohkawa [12], and our result is regarded as a supplement of theirs. Independently 
similar supplements and generalizations are obtained by Kawatani [TT],[T1], Lo and Qin [TB]. In particular, 
Lo and Qin investigated the relation for any surface. 

By the definition of the stability condition, the Fourier-Mukai transform preserves a suitable stability 
condition, but (w^) is replaced by Thus this stability condition is far from Gieseker's stability, 

and we need to across walls for Bridgeland's stability conditions. So we need to discuss the wall crossing 
behavior of stability conditions. The wall crossing behavior for Bridgeland stability condition was studied by 
Arcara-Bertram [1] and Toda |21| for A'3 surfaces, and by Lo-Qin for arbitrary surfaces. In particular, Toda 
defined a counting invariant for moduli stack of semi-stable objects and studied the wall crossing behavior 
of the invariants. As an application, wc shall explain previous results on the birational maps induced by 
the Fourier-Mukai transform on an abelian surface. In [29] and |22| . we introduced operations to improve 
the unstability. We shall show that these operations correspond to crossing walls of Bridgeland stability 
conditions. In particular, we shall recover the birational transforms of moduli spaces of stable sheaves in 



1. Bridgeland's stability conditions. 

1.1. Preliminaries. Let X be an abelian surface or a K3 surface over a field 6. The base field ? is arbitrary 
unless otherwise stated. Let gx S H'^{X,'L) be the fundamental class of X. We define a lattice structure 
( , ) on iJ--(X,Z) eLo^'*(^>^) by 

{x, y) := (a;i, yi) - (2:02/2 + 2^22/0), 

where x ~ X{) + xi + X2Qx and y — yo + yi + y2Qx with xo,yo G Z = Z), xi,yi S Z) and 

X2,y2 G Z. It is now called the Mukai lattice. For a coherent sheaf E on X, 

v{E) ■~ch{E)^/td^ 

^vV{E) + c,{E) + {x{E) -eYk{E))gx E H^^X, Z) 

is called the Mukai vector of E, where e = 0, 1 according as X is an abelian surface or a K2> surface. We 
also define 

iy*(X,Z)aig :=Z®NS(X)®Zex. 

Then H*{X,1) aig is a sublattice. Z)aig is well-defined over any field t. 

For a ring extension R R' and an i?-module M, we set Mar := M (E)r R' ■ Let E be an object of 
D(X). E'^ := K'HomoxiE!,Ox) denotes the derived dual of E. We denote the rank of E by rkE. For a 
fixed nef and big divisor H on X, deg{E) denotes the degree of E with respect to H. For G G K{X)q with 
rkG > 0, we also define the twisted rank and degree by rkciE) := Tk{G^ ^E) and degQ{E) := deg(G'^ ®E) 
respectively. We set hg{.E) := degQ{E)/ rkG(£'), \i ikE ^ 0. Finally we define v{E) := ch.{E)^tdx and 
call it the Mukai vector of the object E of D(X). 

For a (-2)-vector u G i7™(X,Z), 

i?u: i?"=nX,Z) ^ ff™(X,Z) 
X ^ X + {u, x)u 

is the reflection by u. 

Let t/ be a complex of coherent sheaves such that IIom(t/, U) = t and Hom(J7, U[p]) = for p 7^ 0, 2. Let 
Pi : X X X ^ X , i ^ \ ,2 he the i-th projection. We set 

E := Cone{pl{U)®p*2{U'') Oa)- 

Then 

$c/ : T>{X) T>{X) 

E ^ Rpi^I] ® p*{E)) 

is an equivalence and the quasi-inverse is given by 

$^1; D(X) ^ B{X) 

F ^ Iip2,{E'' <E> pl{F))[2]. 



Moreover $[/ induces the (— 2)-reflection Ry(ij). 
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1.2. Several definitions. In this subsection, we shall explain several basic notions to define Bridgeland 
stability conditions. Let X be an abelian surface or a K3 surface over i, and tt : X Y a. contraction 
of X to a normal surface Y over t. We note that tt is an isomorphism for an abelian surface. If tt is not 
isomorphic, then Y has rational double points as singularities. Let H be the pull-back of an ample divisor 
on Y. We take /? e NS(X)q such that {/S, D) ^ Z for all (-2)-curves D with {D, H) = 0. Then the following 
proposition holds. 

Proposition 1.2.1 ([5D1 Prop. 2.4.9]). Assume that (3 e NS(X)q satisfies {P,D) ^ Z for all {-2)-curves 
D with {D,H) = 0. Then there is a category of perverse coherent sheaves £ such that {e^,v{E)) < for all 
0- dimensional objects E of €. 

If TT is isomorphic, then € is nothing but Coh.{X). 

Let To be a positive integer such that rpe^ is a primitive element of H*{X,Z). Let G be an element of 
K{X)q such that v{G) = r^e^ - agx, a e Q. 

Definition 1.2.2 ([30]). (1) Let E be an object of £. We set E{n) := E{nH) for the fixed H. 

(a) Assume that rkii' > 0. Then E is G -twisted semi- stable if 

x{G.F{n)) < (rk^^)^^i^j^,n » 

for all proper subobject F of E. If the inequality is strict for every F, E is G-twisted stable. 

(b) Assume that rki? = and (ci(£'), H) > 0. Then E is G-twisted semi-stable if 

for all proper subobject F of E. If the inequality is strict for every F, E is G-twisted stable. 

(2) Obviously the G-twisted semi-stability depends only on /3 = ci(G)/ rkG. We define the /3-twisted 
semi-stability as the Cx(/3)-twisted semi-stability. 

(3) For V e H*{X,Z)^ig, A^^(w)"'' (resp. A^^(f)") is the moduh stack of /3-twisted semi-stable (resp. 
stable) objects E oi C with v{E) = v. We also define /i-semi-stability by using the slope /ig. 
A^ff (w)''"'*'' denotes the moduli stack of ^-semi-stable objects E with v{E) = v. 

Definition 1.2.3. Let ^ be an object of £. 

(1) There is a (unique) filtration 

(1.2) C -Fi C F2 C • • • C = S 

such that each Ej := Fj/Fj^i is a torsion object or a torsion free G-twisted semi-stable object and 
irkE,+i)xiG,E,{n)) > (rki?,)x(G,i?,+i(n)),n » 0. 

We call it the Harder- Narasimhan filtration of E. 

(2) In the notation of (1), we set 

' IIg{Ei). rkEi>Q 
00, rk El = 0, 



/^max,G 



^lGiEs), TkE, > 
00, TkE.^O. 



Remark 1.2.4. Let t be the algebraic closure of t. For an object E oi E is G-twisted semi-stable if and 
only if £' Cg){ f is G (E)^ I-twisted semi-stable. Hence (|1.2I) is invariant under the extension of the field. 



We define several torsion pairs of £. 

Definition 1.2.5. (1) Let T'' be the full subcategory of £ such that S € £ belongs to 1'" if (i) is a 

torsion object or (ii) finiin,G{E) > 0. 
(2) Let be the full subcategory of £ such that E £ €. belongs to T'' if = or is a torsion free 
object with iJ.mii^,G{E) < 0. 

Definition 1.2.6. (1) Let Tg be the full subcategory of £ such that E £ €. belongs to Tg if (i) E is 
a torsion object or (ii) for the Harder-Narasimhan filtration (|1.2p of E, Eg satisfies ij.g{Es) > or 
HG{Es)^Os.ndx{G,Es)>0. 
(2) Let S'g be the full subcategory of £ such that E £ € belongs to ^g if is a torsion free object 
and for the Harder-Narasimhan filtration ()1.2p of E, Ei satisfies ij.g{Ei) < or ij,g{Ei) = and 
x(G,i?i) <0. 

Definition 1.2.7. (1^,5'^), and (Tc^g) are torsion pairs of £. We denote the tiltings of £ by W and SIg 
respectively. 
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Definition 1.2.8. If i;(G)/rkG = e'^, then we set (T,^-) (Tg,3^g) and a := 21g. 
For E g D(-'<^), we can write 

(1.3) v(E) = re^ + agx + [dH + D) + {dH + D, P)qx, 

where £> € m{X)®QC^H^, dH + D = ci{E)-rl3, a e Q. We note that {dH + D) + {dH + D, P)gx £ (e^)-^ 
and 

dcgcGB) ^ degCB(-^ 

Hereafter we take ut € Q^qH, and for the pair {(3,0:) wc construct some functions and cateogrics as a 
prehminary of stability conditions. 

Definition 1.2.9. We define : T>{X) ^ C by 

Zip..){E) ■.^{e^+^'-,v{E)) 

(1.4) =(e^ ~^Qx + V^{uJ + {io, (3)gx), v{E)) 



2 

= - a + r.!^ + ^/^d{H, uj). 

If ,j-)(21g) C H U M<o, then .^(/g,^;) is a stability function in the sense of [H [5] on 21g, where H := {z e 
C I Imz > 0} is the upper half plane. In this case, we have a function cf) : T){X) E such that 

Z(p^^){E) = |%,^)(£;)|e-V^^(^) 

and (f>{E) e {n,n + 1] for E £ SIg^. 

Remark 1.2.10. For the category of twisted sheaves, we take a locally free twisted sheaf G with x(G', G) — 0. 
Then we replace the Mukai vector v{E) by 

Then vg{G) = rkGe^ with /3 = and wc have an expression 

vg{E) = r + agx + {dH + D), 
since /3 = 0. In this case, ^(^g.cj) is also well-defined. 
Definition 1.2.11. For (/3,a;), G^p_^-j E K{X)q is an element satisfying 

(1.5) v{G^,,^))^e/-^^gx. 
Then 

Zip,u){E) = -XG,,.^,{E) + V^d{H,u:). 



Definition 1.2.12. For {(3,uj), we define (T(/3,a;), 5^(/3,a;)) and ^{i3,uj) to be the categories {'^G^f, ^)i'Sg^p ^)) 
and 21g(3,^) with ([L5)) . 

1.3. Examples of Bridgeland's stability conditions. In this section, we shall generalize Bridgeland's 
explicit construction of stability condition [Sj sect. 7]. It is also a geometric construction of the stability 
condition in [71 Lem. 4.8]. We keep the notation in the last subsection and fix the pair (/3,w). 

Proposition 1.3.1. Assume that there is no G (^p twisted stable object E with degG^^ {E) = XG(3 ^) {E) = 
0. Then cr(/3.w) := (2t(/3.tj), ^(/s.w)) *s example oj Bridgeland's stability condition. 

Proof. By the definition of Slf^^^^), ^(;3,tj) is a stability function on Slf^.t^j. We prove that the stability 
function .^(/j.w) satisfies the Harder-Narasimhan properties. 

Let E be an object of By the same proof of [U Prop. 7.1], there is no chain of monomorphisms in 

• • • C E,+i C E, C ■■ ■ C El C Eo ^ E 

with ^(-Ei+i) > 0(£'j) for aU i. 

Assume that there is a chain of epimorphisms 

E = Eq ^ El ^ ■ ■ ■ ^ Ei ^ Ei+i ■ ■ ■ 



with (j){Ei) > (f>{Ei^i) for all i. By the same proof of [5] Prop. 7.1], we may assume that ImZ(^ t^)(£') ~ 
ImZ(^_^)(£'i) and H^{E) H^{Ei) is an isomorphism for all i. We set Li := ker(i? — > Ei). Then there is a 
chain 

= Lq C Li C ■ ■ ■ d L, d ■ ■ ■ d E 

and ImZ(-^^-)(Li) = for all i. By the definition of H^^{Li) is a /x-semi-stable object with 

degg^^ ^^{H^^{Li)) = 0, and H^{Li) is an extension 

^ T ^ ^ ^ 

of a /i-semi-stable object F with degQ(i^) = by a 0-dimensional object T. 

We may assume that H~^{Li) H^^{Li+i) is an isomorphism for all i. We set Bi := Li/Li^i. Then 
we have an exact sequence 

^ H-\B,) ^ ^ i/"(L,) ^ ^ 0. 

Since XG,,,^,{H-HB^)) < and xg<,,., > 0, xg,,,., < Xg<,,., 

We have 

> XG,,^^,{H-\E,)) = XG(,,.,(i/-'(i^)) - XG,,.^,{H-\L,)) + XG,,^JH"{U)). 

Hence XG(^ is bounded above. Therefore XG(;3 is constant for i ^ 0. Then we have 

XG,,,^,iH°ih)) = XG,,,^,{H~\B,)) 0, which implies that //"(B,) = 0. Hence H\L,^i) ^ is 
surjective for i ^ 0. By the Noetherian properties of £, H^{Li^i) H^{Li) is an isomorphism for i ^ 0. 
Therefore Li^i — > is an isomorphism for i 3> 0. □ 

Remark 1.3.2. If X is an abelian surface, then '^(p.u)) = 21^ for any w. Thus Definition II. 2.121 is meaningful 
only for a surface. 

Definition 1.3.3. For E,E' e 2l(^_(^), we set 

E(,,.)(i? ,£;) det ImZ(,,.)(£;) 

Definition 1.3.4. Let t be an arbitrary field. Assume that cr{[3.i^) is a stability function. Then E E 
is semi-stable (with respect to ^(^.cj)), if 

^(0ME\E)>O 

for all subobject E' of i?. 
Remark 1.3.5. Since 

^iP,^){E',E) = |Z(^,^)(i?')||^(^..)(i?)|sin(7r(0(i?)-0(i?'))) 

and < (j){E),(l){E') < 1, E(^_^)(£', £;) > if and only if (t){E) - (p{E') > 0. Thus the above definition is 
equivalent to Bridgeland's definition of stability. 

For {/3,uj), let (/3,cU) be the corresponding element on X 1, where f is the algebraic closure of i. Then 
we have a natural identification 21^^-^ ~ f by Remark [1.2.41 In the appendix section [SJ we shall 

prove that the stability of E is equivalent to the stability of E (E)t 

Definition 1.3.6. Assume that is a stability function. Then E E ^(i3,uj) is stable (with respect to 

Z{p.uj)), if 

^i^,u.){E\E(g,tt)>0 

for all proper subobject E' ^ E (E)t t- 

Definition 1.3.7. A4(f;^u:){v) denotes the moduli stack of semi-stable objects E with respect to Z(^p^^-^ such 
that v{E) = V. If there is a coarse moduli scheme of stable objects, then we denote it by ,^)(z;). 

Remark 1.3.8. If the moduli scheme M(^_^)(w) exists, then the deformation theory implies that ,^)(i;) is 
smooth of AmiM(p^^){v) = {v"^) + 2. 

Lemma 1.3.9. Let E he an irreducible object ofOii^fj ^^) with deg(£'(— /?)) = 0. 

(1) IfrkE > 0, then H^^{E) ~ and H'^{E) is 0-dimensional or H^{E) is a ^-twisted stable object 
with {v{Ef) = -2. 

(2) IfTkE< 0, then H°{E) = and H-'^{E) is a ^-twisted stable object of €. 
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Proof. We set G :— G(^p^^y For E e ^(fi.ui), we have an exact sequence 

^ H-'^{E)[1] E ^ H^{E) 0. 

(1) Assume that AE > 0. If H-^{E) ^ 0, then the irreducibihty of E imphes that H°{E) = and 
H~^{E) is a torsion free object of £ with {E) > 0, which is a contradiction. Therefore H~^{E) = 0. 
If H^{E) has a torsion subobject T, then we have an exact sequence in 2l(^_^): 

^ T ^ £" ^ 0. 

By the irreducibihty of E^ E \s& torsion object. If dim E = 1^ then we have a non-trivial quotient ip : E Ei 
in £, which gives a non-trivial quotient of E in 2l(^^), since dimkcn^s < 1. Therefore dimii' = 0. If H^{E) 
is torsion free, we take the Harder-Narasimhan filtration of H^{E): 

C Fi C F2 C ■ ■ ■ C Fs ^ H"{E). 

Since H'^{E) e T(^,<^) and dcg{H" {E){-l3)) = 0, we see that dcg{F^/F,^i{-l3)) = for aU i. Then we have 

XajFi) XGiF2/F,) xg{Fs/Fs^,) 
rkFi rkF2/Fi rk^^,/^^,_i 

Thus Fi/Fi-i e T(^_^) for all «. By the irreducibihty of s = 1. Thus H°{E) is /3-twisted semi-stable. By 
the irreducibihty, we also see that H^{E) is twisted stable. Since x(iJ"(£^) (-/?)) > xg{H°{E)) > 0, we 
see that {viE)"^) < 0. Hence {v{Ef) = -2. 

(2) Since ikE < 0, we have H-^{E) ^ 0. By the irreducibihty of E, H^{E) = 0. Let 

C i^i C C • • • C i^. = H-^{E) 

be the Harder-Narasimhan filtration oi H^^{E). Since H^^{E) G ^(p.Lo) and dcg{H~^{E){—(3)) ~ 0, we see 
that deg(i^i/Fi_i(-/3)) = for aU i. Then we have 

XGjFi) Xg{F2IF^) xg{F,/F,^i) 
- rkFi rkFz/Fi rkF,/F,_i 

Thus Fi/Fi-i e i?(;3.u;) for all i. By the irreducibihty of i?, s = 1. Thus H^^{E) is /3-twisted semi-stable. 
By the irreducibihty, we also sec that H~^{E) is /3-twistcd stable. □ 

Lemma 1.3.10. Let E be a (i-twisted stable object of € with dcg(£'(-^)) = x{E{-l3)) = 0. Then E[l\ is 
an irreducible object of^. 

Proof. We set G :— G(^p^^y Assume that there is an exact sequence in 2t(^ 

^ Fi ^ £'[1] ^ F2 ^ 0. 

Then we have an exact sequence in £: 

^ H-\Fi) E % H-\F2) H"{Fi) 0. 

Since degaiH-^F2)) < and degG(i?°(i^i)), degG{H°{F2)) > 0, we have = dega{E) = degaiH-\Fi)) + 
degaiH-HF2)) - degc(iJO(i^i)) < 0. Hence degGiR-HFi)) = degc(iJ-i(i^2)) = dcga{H°{Fi)) = 0. 
Since xg{H°{Fi)) > and XGiF[~^{F2)) < 0, XG(im-0) < 0. Since xg(-B) is sufficiently close to 0, 
x(im?/'(— /?)) = 0. By the /3-stability oi E, E ^ imip is an isomorphism. Therefore E[l] is irreducible. □ 

1.4. The wall and chamber for categories. 

1.4.1. For the stability condition cr{j3.uj), the abelian category 2l(^ depends on the choice of /3 and uj £ 
K>o^f. In this subsection, we shall study the dependence under fixing b := H)/{H'^) £ Q. So we assume 
that X is a K3 surface (cf. Remark ll.3.2p . We first note that rj := (3 — bH G . 

Definition 1.4.1. We set 

■.={{ri.^)\^l e NS(X)q, (r,,i7) = 0,0. G M>oi/}, 
iOK :={(r/,w)|?7 G NS(X)k, (r/,if) - 0,c^ £ K>oi/}. 

We have an embedding of i^R into NS(A")c via (?7,w) n- + V^l"^- Thus we have an identification: 

^ (ns(x)r n i/^) + \/^R>oi/. 

Remark 1.4.2. We shall introduce an embedding of i^R into a sphere. For the vector space 
(1.6) Vh ■■={^S{X)t,C^H^) + ^/^M.H, 

the intersection pairing is a negative definite real form. We set 

1 ■.={m.x gv{m.®Vh ®M.Qx)\{x^) = 0}, 

^^■''^ 3bH :=e^^3 = {Ma; £ P(iJ*(X, C))|R2;e-''^ G 3}. 
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We set a: = r + ^ + agx e '3bH- li r ^ 0, then x = re''"+'^+^^'^ , r/ + y/^u e Vh- If r = 0, then x = agx- 
Thus 3 is identified with a compactification Vh '■= Vh U {oo} of Vh, where M.gx corresponds to oo. We 
shall prove that 3 is diffeoniorphic to p-dimensional sphere 5''', where p = rkNS(X). For x = r + ^ + agx 
with ^ e Vh, {x^) = if and only if (^^) = 2ra. We shall identify W with Vh by sending (yi, . . . , yp-i,yp) 

to ECi y^C* + V^yp/^- where h = H/^/JjP) and e {I < t < p - 1) satisfy -(^,,0) = Let Sp 
be a sphere in M.P x M. Then we have a diffeomorphism: 

R(r + S, + agx) ^ (-^, |^). 

The correspondence — > is nothing but the stereographic projection from (0, 1) £ S^, and we get a 
desired embedding J^k '-J' ■S'''- We set 

:== -5r U {oo}. 

This embedding will be used in subsection [TT5] to describe the action of Fourier- Mukai transforms. 
Definition 1.4.3. We set 

m:={ue H*{X,Z),ig\ue{H + {H,bH)gx)^,{u^) = -2}. 
For M G we define a wall Wu of i^R as 

{(77,6.) e i^Kl rku(^2)/2 = -(e^^+^u)}. 
A connected component of i^R \ U„gtK is called a chamber for categories. 

Remark 1.4.4. Assume that u = re^ + agx + D + {D,(3)gx belongs to d\. If Zi^p^^){E) = 0, then a = r^^ 
implies that r > if and only if a > 0. If r = 0, then it = D + {D,f3)gx implies that {D,f3) e Z. Hence 
u G 9\ with rk u = are used to describe the dependence on the category £. 

Remark 1.4.5. For u E with rkit > 0, Wu is the half sphere defined by 

-{tj - ci{u) / vku + bHf + {uj'^) =2/rku^ 

Lemma 1.4.6. The set of walls is locally finite. 

Proof. Let S be a compact subset of j^R. We shall prove that 

{u e D\\Wu n B ^ 9} 

is a finite set. For u ~ r^^ + agx + + (-D, bH)gx <e9\, a = ^""^^.^^ and Wu is the half sphere 

-{jj-D/rf + {uj^)^2/r\ 

Hence < 2/(ilj^) and 

Since B is a compact subset of i^R, the choice of r and (I?^) are finite. We denote the denominator of b by 
bo. Since D = ci{u) — rbH E ^NS(X), the choice of D is also finite. Hence the claim holds. □ 

1.4.2. For a fixed /3 := bH + rj, ?] E , we have an injection 

uj ^ {ri,uj). 

Then we also have the notion of walls and chambers on R>oi^. In this case, the category £ is fixed. 
Lemma 1.4.7. We set 

91/3 := {u e 9^1 rkii > 0, -{e^, u) > 0}. 
Then 91^ is a finite set and rku < rg. 

Proof. We set 

li := re'' + agx + {D + (D, P)gx), DeH^. 
By the assumption, a = —{e^,u) > and —2 = (u^) = — 2ra + {D^) < —2ra. Hence < r(roa) < rp. Since 
— rga = {roe^,u) € Z and r E Z,, r and rpa are positive integers with r(roa) < rg. Thus the choices of r and 
a are finite. Since D = (ci(ii) - r/3) e ;i^NS(X) n i/-^ and < -(f^) < -2ra + 2, the choice of u is also 
finite. □ 

Definition 1.4.8. For u E 9^/3, we define a wall Wjs^u of ]R>oH as 

{uj E R>oH\{uj^)/2 = -(p/,u)/rku}. 

A connected component of M^qH \ U„g<H^ W^^u is called a chamber for categories. 

Remark 1.4.9. If W^,ti 7^ 0, then W^,ti = t^^(W„), and intersects with t^(R>oi^) transversely. 



For u £ yxp, there is a /3-twistcd semi-stable object E oi <t with v{E) = u. Since W^_„ depends only on 
u/ rkti, we introduce the following definition. 

Definition 1.4.10. Let Exc^ be the set of /3-twisted stable objects of £ with 

v{E) = re^ + agx + {D + {D, l3)gx),r,a > 0, D e . 

Lemma 1.4.11. (1) Exc^ is a finite set and {v{E)\E £ Exc^} C Dip. 

(2) For E e Exc^, rki? < o-nd rki? < unless = 1 and v{E) — e^ + gx- 

(3) Let El, E2, ■ ■ ■ , Eg be the objects of Exc^g with XG(^ (Ei) > 0. 

(a) For E G Tj^.^j), there is an exact sequence 

0^Fi^E^F2^0 

such that Fi G and F2 is a successive extension of Ei, 1 <i < s. 

(b) For E G ^(p^uj), there is an exact sequence 

0^Fi^E^F2^0 
such that Fi is a successive extension of Ei, s + 1 <i and F2 G ^. 

Proof. (1), (2) In the notation of dO]), if £; G Exc^, then -2 < {v{Ef) = -2ra+ (D^) < -2m < 0. Hence 
{v{E)'^) = —2, which implies that v{E) G Dip. In particular, E is an exceptional object: 

Hom(£;,£;) = Ext^i;,^;) = 0. 

Therefore (1) and by Lemma [1.4.71 the first claim of (2) hold. If r = tq, then we have rga = 1 and D ^ 0. 
Hence v{E) = rpe^ — agx- Since roe^ G H*{X,Z), a G Z. Then ra = 1 implies that r = = 1 and a = 1. 
(3) In the notation of (|1.3p . if E' is a ;^)-stable object of £ with deg^.^^ ^ (E) = XG(^ (E) > 0, then 

d = and a > > 0. If r = 0, then £; is a 0-dimensional object. Thus G T^. If r > 0, then a > 0, 

which implies that E G Exc^. Then the claim follows from the definition of T(/3,tj) a-nd Exc^. □ 

Corollary 1.4.12. 1/Fe /ix /3 anrf iaA;e a; G Q>oi?. T/ien 2t(^ depends only on the chamber in R^qH where 
Lo belongs. 

We note that T D T(^,^) D 1^". 

Corollary 1.4.13. (1) //(w^) < then 1 = 1(^p^^y Thus (21, Zf^^j) is an example of Bridg eland's 
stability condition. 

(2) If (lu'^) > 2, then T^p^i^-j ~ . Thus (2l^,Z(^ ij)) is an example of Bridgeland's stability condition. 

Proof By LemmaHAn] (3), T = if (w2)/2 < -(e'^, «(£;)) /rki; for all E G Exc/3, and 1'' = %,^) if 

(cj2)/2 > -(;(£;)) /rki; for all E G Exc/j. For £; G Exc^, we have 

1 > {e^v{E)) ^ 1 
(rk£;)2 - TkE " rork£:' 
By Lemma [1.4.111 (2) and the definition of Exc^, we have 1 < rki? < ro, which implies the claims. □ 

Example 1.4.14. Let X be a K3 surface with Pic(X) — ZH and Eq be an exceptional vector bundle on X. We 
set/? := ci(£;o)/rk£;o. Thenro = (rk£:o)^ andi;(i;o) = V^el^+y^^^ gx. Hence {e^-iu}^)gx/2,viEo)) = 
if and only if — l/rg. Therefore 

o, _ (^') < 2/ro 

^^'^'^ (c^2)>2/ro. 

The following example is inspired by Washino [5T| . 

Example 1.4.15. Let tt : X be an elliptic K3 surface with a section cr. Let / be a fiber of tt. We set 

i7 := cr+4/ and D a-2f. Then (i/^) = 6, {H, D) = and (ZJ^) = -6. We set = xD+y/^yH, 

y G R. For 77 := xD, x < 1/2, x(Cjf (??), C'x(-^)) < x(Cx(?7), Ox)- Then a non-trivial extension 

^ Oxl^*) ^ £1 ^ Ox ^ 

defines an r^-twisted stable sheaf. We set ui v{Ox), U2 :~ v{Ox{D)) and v{Ei) = ui + U2. Then 

the equations for W^, i = 1, 2, 3 are 

W^, 1)2 + 2/2^1, 

Wu, -.{x-^f+y^^^. 
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They pass through the point (i, ^^)- By the action of Rm, and Wu^ are exchanged. It is easy to see 
that 

^D/3= {■Ul,U3}, 
y^D/2= {ui,U2,U3}. 

For /? ~ -D/3, we have three categories 21, 2t^,2l3: 

%,c.) = < 2I3, 1/6 < (c^2)/2 < 2/3 
[st^, (w2-)/2>2/3. 

For /? = -D/2, we have 

™ „ [21, (^2)/2 < 1/4 
- ^21,,^ (^2)/2 > 1/4. 

In this example, ui, U2 generate a negative definite lattice of type A2. 

Definition 1.4.16. Let be a wall of R>oi?. Let &w be the category generated by all E e Exc^ with 
Wp,,^E) = W. 

Lemma 1.4.17. &w is the category of j3 -twisted semi-stable objects E of € with rkE > 0, deg{E{—P)) = 
and x{E{—l3)) = i^^rki? (constant). 

Lemma 1.4.18. Assume that uj belongs to a wall W . We take a;± £ Q>oi? such that ui± are sufficiently 
close to ui and (w'i) < (w^) < (w^). 

(1) Let El be a subobject of E £ 6w *^ 2t(^ j^j. Then Ei S 6w particular, E € &w D Exc^ is an 
irreducible object of ^(^p^^ y 

(2) Let El be a subobject of E[l] e ©vv'il] in ^{j3,uj+)- Then Ei e ©vv'il]- In particular, E[l] G 
{&w n Exc^)[l] is an irrediducible object of^(p,^^y 

Proof We set G := G^p^^^, G± := G^p^^^) S A'(X)q. 

(1) Assume that there is an exact sequence in 2l(^ 

^ Si ^ £■ ^ ^2 ^ 0. 

Then we have an exact sequence 

^ H-\E2) ^ H^{Ei) -^E^ H"{E2) ^ 0. 

As in the proof of Lemma [031 we see that degG{H-\E2)) = dega{H°{Ei)) = dcga{H°{E2)) = 0. 
Assume that Ei ^ 0. Then xg_ (-^"(-^1)) > and xg„ (^^"^(^^2)) < 0. Since a;_ is sufficiently close to w, 
wehavexG(ini(p) = XG(i^°(-Bi))-XG(if-'(£^2)) > -xciU-^ iE2)) . \iiL~\E2) ^ 0, then rki?-i(i;2) ^ 0, 
which implies that xg{H^^{E2)) < XG-{H^^{E2)) < 0. Therefore XG(im</') > 0. By the semi-stability of 
E and xg{E) = 0, xcCinitp) < 0, which is a contradiction. Therefore H^^{E2) = and Ei is a /3-twisted 
semi-stable object with xg(£'i) = 0. Thus Ei € &w- 

(2) Assume that there is an exact sequence in 2t(^^^) 

-> -> E[l] E2^0. 

Then we have an exact sequence 

^ H-\Ei) E^ H-\E2) 4 H^{Ei) 0. 

Assume that E2 ^ 0. If H°{Ei) ^ 0, then xg(^^°(£'i)) > Xg+{H°{E)) > 0. Since a;+ is sufficiently close 
to w, we have xg{H^^{E2)) < 0. Hence XG(ker(p) < 0, which is a contradiction. Therefore H^{Ei) = 0. 
Since xg{H^^{E2)) < 0, H-^{Ei) and H-^{E2) are ^-twisted semi-stable objects with XG(-ff"H-Si)) = 
Xg{H-\E2)) = 0. Therefore G 6iv[l]. □ 

Lemma 1.4.19. Jbr a fixed G, {E E K{X)\ dcgQ{E) = xg{E) = 0} is a negative definite sublattice of 
H*{X, Z)aig. In particular, the sublattice {&w) generated by &w is a direct sum of lattices of type ADE. 

Proof The signature of H*{X,Z)^ig is {2,p{X)). Since (v(G)2) = r^{io'^), (H^) > and H + {H,P)gx -L 
v{G), we get the claim. □ 
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1.5. Relation with the Fourier-Mukai transforms. Let X' be an abclian surface or a Ki surface. Let 



T>{X) D(X') 



be a Fourier-Mukai transform whose kernel is E e T){X x X'). Assume that v{¥^\xy.{x'}) = ^oe^j ''o > 0. 
For simplicity, we set $ := For C £ NS(X)q, we set (7 -ci{^{C + {C, I3)qx)) G NS(X')q. Since 

$(e'^) = ;^f?x' and <f>(^?x) = ?'oe^ , we have 

v{'^{E)[l]) = -roaef^' - —gx' + (dH + D) + {dH + D, I3')gx' , 
where v{E) is given by (jl.Sp . We set b' := {(3' , H) / [H'^) . Then we have a diffeomorphism 

induced by Let S)'-^ be the space for {X',H) in Definition 11.4.11 We shall study the relation of and 
Sj'j^ explicitly. For r] + y/^u with (77, H) = 0, we set 



(1.9) 

Then we have 



(1.10) 



/-Iw 



1^)2) 



Tw). 



$(6^+"+^") =$(e^(l + (r? + x/^^) + + 

=$(e^ + ((,7 + x/^o.) + (7? + x/^c^, I3)gx) + ^^^^^^^^gx) 

= -px' + rofc^fM!)e^' _ ((,7+ V^S) + (7+ V^lQ,p')gx,) 
ro 2 



Hence 



%'+^.2)(<I'(i?)[l]) = 







2 




(1.11) 


ro{{r] H 


2 








2 






^o((??H 






Remark 1.5.1. Since {ri,H) 


= 0, we have — ((r/ + 







«(<i>(i?)[i])> 

(-$(e 



),«($(£;)[i])) 



^(^)+J),w)(£')- 



Lemma 1.5.2. Assume that Q is nef and big. 

(1) The correspondence {ri,uj) i— )■ {rj,ijj) induced by $[1] preserves the structure o J chamber. 

(2) // (2l(^+^^^), Z(/3+j,.^)) is a stability condition on X, then $[1] induces a stability condition 
($[l](%+^,^)),Z(^,+j^,a)) onX'. 

Proof. (1) Let IH' be the set in Definition [TXSl associated to X' . Then -$($n) = 9=^'. By ([LTT|) . (77, w) e 
if and only if (^, w) € Hence the claim holds. (2) is obvious. □ 

Let [/ be a /3-twisted stable object of £ with ikU = r, deg([/(-^)) = and {v{U)^) = -2. We set 
7 := ci(J7)/r. Then v{U) = re^ + ^gx- We set E := Cone(C/ H C/^ ^ C'a)[-1]- Then w(E|^yx{x}) = f^eT. 



Since the Fourier-Mukai transform $[1] := $ 



E^[l] 
X-^X 



iduces a (— 2)-reflection Ri,m\, we get £, ~ £, for any 



^ € H {X, Q). We write 7 = -I- u, u e H . Then we have a diifeomorphism 



-Iw -I- u 
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1.6. A small perturbation of cr{i3,oj} = We take rj € NS(X)q with {H,i]) = 0. We shall 

study the perturbed stabihty condition (7[/j+Ti,uj) of tT(^^^). Sinee {ci{E) — (rk £')(/? + 1]),H) ~ {ci{E) — 
(ikE)l3,H) for E e D(X), (T^,5^) and W do not depend on the choice of 77. Since 

we have 

(1-12) %+r,,^)(i?) =%,c.)(£^) + {ri+iv,P)gx,v{E)) -^rkE. 



Lemma 1.6.1. Assume that rj satisfies -2{rf') < l/rg, (w^) > -8(772) and ^J-2{rf) - ^ < Let E 

he a {13 + r]) -twisted stable object of with deg(£'(-^)) = 0. Ifx{E{-P)) < 0, then Z^p+^^^){E) e M>o. 

Proof. We set 

v{E) re'^ + agx + {D + {D, I3)gx), D e H^. 
We first assume that a < 0. Then —a > ;i. Assume that —2(77^) < l/rp and (oj^) > —3(77^). Since 
—2 < {v{EY) = — 2ra + (-D^), — (-D^) < 2(1 — ra). Since i/^ is negative definite, the Schwarz inequality 
implies that 



(1.13) UD)\ < vM^vM^ < V-2{v')a ra). 

Since -{rf) < {uj^)/2 + {if)/2, we can take A e Q such that -(77^) < A < {i^'^)/2 + (77^)72. Then 
(A7- - af - {-2{if){l - ra)) =\^r^ + + 2(77^) - (2A + 2(7/2))ra 

>\^r^ + (1/7-2 _^ 2(,72)) _ (2A + 2(772))m > 0. 

Hence (77, D)"^ < (Ar — a)^, which implies that — (Ar — a) < (77, D) < (Ar — a). Then we have 

Zip+,,u.){E) -(-a + (77, i^) + ^7') + 

(^^) + iv') 
2 



-A r + (Ar-a + (77,7:>)) > 0. 



Assume that a = 0. Since d 0, we have r > 0. We further assume that -^Z— 2(77^) — < In this 

case, we have -^-2(77^) < (77, £>) < s/^2(Jf) by (fllSl) . Hence 

^(/^+.,c.)(£;) > (-v/^2(?) + + ^) r > 0. 

□ 

Lemma 1.6.2. Under the assumption in Lemma \1.6.1[ 5' C ^{i3+,-i^uj)- 
Proof. Let E be an object of ^ with 

«(£;) = re^ + agx + {D + {D,P)gx), a<0. 
We take a (/3 + 77)-twisted stable subobject Ei of £^ such that 

xiEii~l3 - 77))/rk^;i = max{x(F(-/3 - 7,))/rki^|i^ C E, deg(i^(-/3)) = 0}. 

We set 

v{Ei) = rief^ + aigx + {Di + {Di,f3)gx). 
Since Ei e ^ and deg{Ei{-P)) = 0, ai < 0. Then 

(772 ) (a;2) 
^(^i+„,^)(i?i) - (-ai + (?7,^i) + ^^'i) + ''1^ > 0, 

which implies that E G S{fi+ri.uj)- O 

Lemma 1.6.3. Let E be a ^i- semi- stable object of <Z with v{E) = re^ + agx + D + [D, P)gx, a > 0. Assume 
that -{r]"^) < 
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(1) Let El he a subobject of E. Then 

x{Ei-f3-v)) ^ x{Ei{~P-v)) 
rkE (>) ikEi 

if 

rk_B (>) rkE'i 

(2) E is {/3 + ri)-twisted semi-stable if and only if E is jS-twisted semi-stable and 

-{viF),Tj + {7j,(3)gx) ^ -{v{E),ri + {r,,P)Qx) 



rkF - vkE 

for any subobject F with XGiFin))/ rkF = XQ{E{n)) / rk£'. 

Proof. Let El be a /x-semi-stable object of E with v{Ei) ~ rie^ + aiQx + {Di + {Di, f3)gx)- We set 
E2 := E/Ei and ^(£'2) r2e/ + a2Qx + (-D2 + (-D2, /3)£'x)- By [TJI, Lem. 1.1], we have 

{v{Ef) ^y {v{E,?) y^(D^ D\\ 
r ^-^ Ti ^-^ \ Ti r ) 

i i ^ ^ 

Since {v{E^)^) > -2r^ and {v{E)^) < 0. we get 
Since t-# = -^(^-#),weget 



r2 \ ri r 

Hence 



r ri 



ri 7' / ror^ 

xjEj-^-v)) _ x{Ei{^p-ii)) ^ ~{v{E),ef^ + 7]+ii^,p)gx) _ ~{v{Ei), ef + 7] + {rj, P)gx) 
-j^^-j rkS rkEi r n 

^ a ai\ ( D Di 



r ri I \ r ri 



Assume that a/r — ai/ri 7^ 0. Since \a/r — ai/ri \ > (1) holds. We note that 

D Di \ -{v{E),rj + {r,,P)gx) -HEi).V + {v, P)Qx) 
rj — 



r ri / r ri 

Then (2) follows from (1) and (fri4| . □ 

We note that IH^ is a finite set (Lemma ll.4.7p . 

Definition 1.6.4. We set N := min„(^)g5t^ 2r^' Assume that — (?7^) < N. Let il be the set of (/3 + 77)- 
twisted stable objects t/ of £ with dcg{U{-l3)) = and x(J7(-/3)) > 0. 

[/ e il are (/? + i77)-twisted stable for < < < 1 and 

rk f7 - rk [/' 

if and only if 

xjUhm X{U'{-I3)) 
rk U rk C/' 

or 

X{U{-I3)) _ xjU'i-m -{v{U),V + {v,l3)gx) ^ -{v{U'),V + {v,l3)gx) 
rkU TkU' ' vkU - rkU' 

for [/, U' G it. 

Corollary 1.6.5. Let E be a ^-semi-stable object of £ with v{E) = re*^ + agx + D + {D, I5)gx ■ For E G 1, 
let 

C Fi C F2 C ■■ ■ C Fs ^ E 
be the Harder-Narasimhan filtration with respect to {13+ if) -twisted semi- stability. Then Fi/Fi^i are generated 
byUeii wUh = ^^^L^fc'""" ■ 
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Proof. Since i? G T, we have a > 0. We take the Harder-Narasimhan filtration 

C -Fi C C • • • C = S 

with respect to (/3+?/)-twisted semi-stabihty. By Lemnia ri.6.3l fl). x(Fi (—/?))/ rkFi > a/r > 0. Since E G 1, 
we have E/Fi e T, which imphes that x{E/Fi{-/3)) > 0. Then inductively we see that x{Fi/ > 
for all i. Hence the claim holds. □ 

Proposition 1.6.6. (1) d(i3+7],ui) is generated by ^ and [/ G it with Z(^pj^^^^^{U) > 0. 

(2) T(^_|_,, is generated by T'' and U € U with < 0. 

Proof. (1) For E G 5^(/3+r;,Li;)i we have an exact sequence in £ 

0^Ei^E^E2^0 

such that El E 1 O ^(p+jj^u:) and E2 G 5- Then Fi is a semi- stable object with dcgQ{Ei) — 0. Since 
-El G T, CoroUarv 11.6.51 implies that Ei is generated by t/ G it with (J7) > 0. 

(2) For E G '^(^+,,,0;): we have an exact sequence in £ 

0^Ei^E^E2^0 

such that i?i G and i?2 G n i^). If there is a quotient E2 F oi E2 with F G 5", then Lemma 

11.6.21 implies that F G S{i3+n.uj)- Hence we get F = 0, which implies that E2 G T. By Corollarv ll.6.51 E2 is 
generated by [/ G it with Z^/j^^ ,^^{U) < 0. □ 

By Lemma [1.6. 31 we have Exc^ C it and every [/ G il is /3-twisted semi-stable. Hence il C Uw&w- 

Proposition 1.6.7. Let I := {tH\a < t < b} be a closed interval o/]R>o-ff. Then for a sufficiently .small 
1] '.= J]i G (g) Q, we have the following claims: 

(1) // / does not intersect with any wall, then ^(p+r].Lj) = ^{i3,u>)- 

(2) As.sume that the interior of I intersects with exactly one wall W . We take aj± G / H Q>o-ff such 
that Ll!± are separated by W and lo^ < Assume that G / H Q>o-ff satisfies ^(;3+r).Lj)(F) 7^ 
for all E with v{E) G IH. Then 

(a) 'S{p+r),uj) is generated by ^(^p, [U] > 0. 

(b) is generated by T(^.cj^) and [/ G ilH &w with < 0. 

Proof We set Exc^ := n^ei{E G Exc^ 7^ 0}. Since \Z^^p^^){E)\ > on / for aU E G Exc^, 

7V:=min{|Z(^,^)(£;)||£;GExc;} 

is a positive number. Then we can take a sufficiently small rj with > {v{E),rj + {rj, P)gx) — rkF for 
aU F G Exc^. For E G Exc^, we have 

('Z(^+,,^)(F) >0, if Z(0,^)(F) >0, 
(F)<0, if <0 

by (ini|. 

(1) By the assumption, Exc^ = Exc/j. Hence the claim follows from (jl.lSp . 

(2) In this case, Exc^ = Exc^\6w By (|1.15p . S{p,uj-) C and C □ 

Corollary 1.6.8. In the notation of Proposition [J.6'. 7| (^^J, we choose rj such that q//) (i?) < < 

Z{/3+n,bH){E) for E G Exc/3 n6vF. T/ien 2l(/3 

Proof. We first note that Exc/3 nSiy C it n ©ly C &w and Exc/3 n6vy generate the category &w By 
Proposition 11.6.71 (2), 1(fj+,j^aH) — '^{i3,lu-) if and only if Z(^p+,^_aH]{U) < for J7 G il n &w- Hence 
'^{p+v,aH) = '^(13. io-), which implies that 2l(^+,,,a_ff) = 2l(/3.„_). The proof of 21(/3+,,,;,h) = is similar. 

□ 

Corollary 1.6.9. 2l((,^f+,, depends only on the chamber where {rj^Lo) belongs. 

Proof. It is sufficient to prove that '^{bH+ri.i^j) is locally constant on \ yJu^y^Wu- By Proposition ll.6.7l (1), 
the claim holds. □ 

Proposition 1.6.10. Assume that Ci and C2 are chambers separated by exactly one wall Wu with rku > 0. 

(1) Ru (cf. (jl.ip ) induces a bijection Ci — > C2. 

(2) For (rjijUJi) G Ci, i = 1,2, we set Pi := bH + r]i. Then the stability conditions (2l(^j_(^j), Zj^^^^^)) 
and (2l(^2,"2)' ^(&,"2)) '^^^ equivalent. 
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Proof. (1) is a consequence of Lemma ll.5.21 

(2) By Corollary 11.6. 9[ we may assume that 772 = rji, (uif) < We set /3 := bH + 7/1. Let U he a 

/3-twisted semi-stable object of £ with v{U) = u. Since Wu is the unique wall separating (771 , ui) and (772, ^2), 
U is /^-twisted stable. Then U is an irreducible object of ^{p^^^) and U[l] is an irreducible object of Stj^^^^). 
We shall prove that <i>^^ induces an equivalence Slj^^^^j — > "^[p^ui^)'- We first note that 0\ = OaI— 2]. Let 
E be an object of Since $^^(C/) = U[l], Hom($^i(£:)[l], C/) = Hom(£:[l], f7[-l]) = 0. We have an 

exact sequence in £: 

> }lom{U,E)®U 

> H-^<i>-\E)) > H-\E) > Ext\U,E)®U 

> H^{<i>^\E)) > H^iE) — ^ Ext\U,E)®U 

> H\%\E)) >H\E)=0. 

By Lemma [T.4.181 and Hom(i7^($j}^(i?)), [/) = Hom(<i>j}^(i?)[l], [/) = 0, ijj is a surjective morphism in 
21(0, tji), which also implies the surjectivity of tp in £. Therefore = 0. Then we see that 

H-'^{^^\E)) G 5^(0,,^,) and H°{^^\E)) e T(0,„i). Since Romi'P j}\E),U) = llom{E,U[-l]) = 0, we also 
have llom{H°{%'^{E)),U) = 0. Hence {<i>'[j\E)) € Tf^^^,) and is an object of 2t(^,^,). Thus 

^^^{'^{p.uJl)) C ^(p.uj2): which implies the claim. □ 

Corollary 1.6.11. Assume that neither (/3i,a;i) 7ior (/32,'^2) belongs to any wall. Then ^[p^^^uji) equivalent 

1.7. Moduli of stable objects for isotropic Mukai vectors. Let v e Q>oe''^^'' H H*{X,'E) be a 
primitive isotropic Mukai vector. Assume that {v,u) =/= for all u G IH. Then ^''(i') is a projective 
K3 surface by [17]. Since H is not a general polarization, m'^'^^\v) may not contain slope stable objects. 
In this subsection, we shall relate M'^^^{v) to the moduli of slope stable objects as an application of the 
chamber structure. 

Let It := rj + y/^tuj, Q < t < he a, segment of Vh (see (|1.6p ) such that /t, < t < io belongs to a 
chamber and It^ belongs to a wall. Let {VKu- |ui G $H, 1 < i < 7?,} be the set of all walls containing Then 
l^^bH+it < for all < i < to and 7i G 9^, and {ef'^'^-'^o ,Ui) = 0, 1 < i < n. We have an auto-equivalence 
$ : D(X) D(X) inducing an equivalence 3> : ^{bH+r],t^ui) ^ ^{bH+r^.t-^ui), where t- < to < t+ and 
t+ — t_ <C 1. For a sufficiently small ^ G H-^, let Ui, 1 < i < n he {bH + rj + f)-twisted stable objects 
of v{Ui) — Ui. Then $ is a composite of reflections ^jj^, I < i < n. Hence $ induces an isomorphism 
■ ^R- ^so{It), < t < to is contained in a chamber. We set rj' := $,(--,(7;). We set 1'^ rf + \J —\tbj 

and assume that /(, < t < ii is contained in a chamber. We take G M such that < t < to and 
< t' < ti . Then there is no wall between 77' -I- V— I'ffi (i^) and 77' -I- \/ —\t' uj. If the two points are separated 
by a waU Wu, then (e'^^+'^'+v^'^fl^"), u) and (e''^+'''+^*'", ?/) have different signatures. Since the two 
points are connected by the curve 

J f*flUt-s), 0<s<t 

V^-t, t<s<t + t' 

and (e''^+''',w) ^ 0, (e*'^+'''+v^«*fl('^), m) = 0, < s < < or (e''^+'''+^''", u) = 0, < s < t\ which is 
a contradiction. Therefore the claim holds. Then $ induces an isomorphism M^^^^(v) —> M^^^^ ($(7;)). 
Continuing this procedure, we get an isomorphism m'^~^^{v) — Al'^'^^ {^{v)) such that Al'^'^^' {^{v)) 
parametrizes irreducible objects of Sf^. In particular, Al'^'^^' ($(7^)) consists of slope stable objects or 
0-dimensional objects. 

Example 1.7.1. Let X be the elliptic K3 surface in Example ll.4.15[ and use the same notation. We shall 
describe the universal family for M^^^(4e"?): Let It -.^ D/2 + tH {0 < t < 1) be a segment in Vh- Then 
It meets the walls at t = We take a small perturbation It = x{t)D + tH of It so that x{t) < 1/2 in a 

neighborhood of t = Then ^Q^j^D^^Ei^Oxi^^) is the universal family on X x Af^^^(4e"?). We also 

have the universal family ^Ei^Oxi^i^) on 

2. Relation of Gieseker's stability and Bridgeland's stability. 

2.1. Some numerical conditions. We shall discuss numerical conditions which relate Gieseker's stability 
with Bridgeland's stability. 
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For El e D(X), we set 
(2.1) v{Ei) = ne^ + aiQx + {diH + Di + {d^H + Di,P)gx). 

We consider the following conditions for v: 

(*1) (1) r > 0, d > and (2) dri - dir > implies {dn - dir){uj'^)/2 - {dai - dio) > for all Ei with 

< di < d and {v{Ei)'^) > -2. 
(*2) (1) r > 0, d < and (2) dn ~ dir < implies {dn - dir){uj'^)/2 - (dai - dia) < for aU Ei with 

d < di < and {v{Ei)^) > -2. 
(★3) (l)r>0,(i<0 and (2) dri — dir < implies {dri — dir){uj'^)/2 — {dai — dia) < and the inequality 

is strict if dri - dir < for aU Ei with d < di < and {v{Ei)'^) > -2. 

Remark 2.1.1. We note that {dn- dir){H'^) = {ci{E® E^), H). The condition (★I) says that Ijl{E) > /i(£'i) 
implies <j){Ei) > (f>{E). The condition (★2) says that < ^i{Ei) implies (f>{Ei) < (f>{E). 

Remark 2.1.2. (★I) for v is equivalent to (★2) for w^. 

Remark 2.1.3. Assume that (*3) holds for v. Let E be an object of £ with v{E) = v. Then E is /i-semi-stable 
if and only if E is /3-twisted semi-stable. Moreover is a local projective object of £. 

Assume that E is /x-semi-stable and take a Jordan-Holder filtration with respect to the /x-stability 

c Fi c F2 c • • • c = 

We set 

v{F,/F,^i) = r,p/ + a,gx + {d,H + A + id^H + D„ P)qx). 

Then dj/fi = d/r. By (★3), we get ai/ri < a/r for all i. Hence ai/ri = a/r for all i. Thus S is /3-twisted 
semi-stable. We set Ei := Fi/Fi-i and assume that FfXt^ {Ei, A) ^ for an irreducible object A of £. Since 
Ext {A,Ei) = Ext {Ei,A)'^, we have a non-trivial extension 

0^ E,^ F ^ A^ 0. 

Then is a //-stable object. Applying (*3) to v{F) ^ v{Ei) + bgx + (D' + {D',l3)gx), 6 > 0, we get 
{ai + b)/ri < a/r, which is a contradiction. Therefore Ext^{Ei, A) = for aU i. Then Ext^(£',A) = and 
£' is a local projective object. 

Lemma 2.1.4. Let N{v) := N be the number in Proposition 2.8]. Assume that d > N{v). Then (*1) 
holds for V and (★3) holds for w = r^ae^ + ^Qx — {dH + D + {dH + D, /3)gx). 

Proof. If dri ~ dir > 0, then Lemma 2.9 (2)] implies that (dai — dia) < 0. Hence (dri — dir){uj^)/2 — 
{dai - dia) > 0. Thus (*1) holds. 

We note that (— d)ai — {—di)a = dia — dai and {—d)ri — {—di)r = dir — dri. Hence (— d)ai — (— di)a < 
implies that {{—d)ai — {—di)a){uj^) /2 — {{—d)ri — {—di)r) < 0. Moreover the inequality is strict, if 
{-d)ai - {-di)a < 0. Therefore (^3) holds. □ 

Definition 2.1.5. We set 

rfmin mm{deg{E{-P)) > 0\E £ K{X)} e 

where d[x] is the denominator of x G Q. Then d e Zdmin for any v{E) with (|1.3p . 

Lemma 2.1.6. If d ~ dmin, then {-kl) holds for v = v{E), E' G 21 and (*2) holds for . 

Proof. For any Ei G 'D{X) with (|2.ip . di < or di > d,nin. Hence the claim follows. □ 

Lemma 2.1.7. For a fixed Mukai vector v, if (w^) ^ 0, then (★I) holds. 

Proof. Assume that (*1) does not hold. Then there is an object Ei such that dri — dir > but (dri — 
dir)^^^ — dai — dia, where 

v{Ei) = ne^ + aigx + {diH + Di + {diH + Di,/3)gx), < di < d 
and {v{Ei)'^) > -2e. Since r > and d,di > 0, ri > rdi/d > 0. We set 

S ■■= j^mm{{D,H) > 0\D e Pic(X)}. 

Then dri — dir > S. Assume that r > 0. Then we get 



d^{H^)-{{v'^)-{D^)) dl{H^) + 2e 
2r ' 2;^i • 
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Hence 



Thus we have 



{dri — dir)(a;^)/2 — {dai — dio) 

>idn - d.r)i.^)/2 - /im±^ + ^fm-iiv^)-iD^)) 

2ri 2r 

=idn - dir){u;^)/2 + (dn - dir)^^ddi - —{dre + din{{v^) - {D^))/2). 

2rir n'l 



If r = 0, then 



Hence 



2 - n 2r'' ' ' " ~ ' 2r 

{dri — dir){ijj^) /2 — [dai — dio) 

, , 2^ ,dl(H^) + 2e , 

>dri{ijj^) 2 - d— + dia 

2ri 

>dri{uj^)/2 + {d- d„,in)d2i— i (rf - d,„i„)a. 

2 ri 

6^^<de+ (lz<i£i)((,2^ _ (^D^)) +d\a\. 



2 

These mean that (w^) is bounded above. □ 
Lemma 2.1.8. 

^(p,^)iE,Ei) = {H,Lj){{rdi - rid)iLU^)/2 - {adi ^ aid)). 
In particular, 4i{Ei) > 4>{E) if and only if 

{{rdi - rid){uj^)/2 - {adi - a^d)) > 0. 
Proof. The claim follows from the equalities 

E(«^)(^;,£;i) =det n . ^ 

(2.2) ' ^ d{H,uj) di{H,Lu) J 

=iH,uj){{rdi -rid)(w2)/2- (adi - aid)). 

□ 

2.2. Gieseker's stability and Bridgeland's stability. 

Proposition 2.2.1. As.'iume that holds. For an object E of 'D(X) with v{E) ~ v, E is a f3-twisted 
semi-stable object of if and only if E is a semi-stable object of^f^. 

Proof. (1) Assume that E G C is /3-twistcd semi-stable. We first assume that r > 0. Let Lp : Ei ^ E he a 
stable subobject of E and set v{Ei) ~ rie'^ + aigx + [diH + Di + {diH + Di,I3)qx). Then E/Ei belongs 
to Sl'^. Since H~^{E/Ei) and E are torsion free objects of £, ri > 0. Since = Sf^, di > 0. We set 

v{H-\E/Ei)) := r'e^ + a'gx + {d'H + Z3' + {d'H + D', P)gx)- Then d' < 0. Let E' be the image of ip in 
£. Then 

(2.3) di/n < {di-d')/{ri-r') <d/r 

and rfi < di - d' < d{ri - r')/r < d. If di = d, then degG(£^/£^i) = ro{H'^){d - di) = 0. Hence 
(j){E/Ei) = 1 > (j){E), which implies that ^(-E'l) < 0(i?). So we assume di < d. If di/ri — d/r, then 
{r',d') = (0,0), which implies that H~'^{E/Ei) = 0. Assume that rfi/7'1 < d/r. Then (★!) implies that 
(dri ~ dir){uj'^)/2 — (dai ~ c'la) > 0. If di/ri — d/r, then /3-twisted semi-stability of E implies that 
Oi/ri < a/r, which also means that {dri — dir){Ld'^)/2 — {dai — dia) > 0. By Lemma [2.1.81 (l>{Ei) < (j){E). 
Thus ii^ is a semi-stable object of 21'^ . 

We next assume that r — 0. Let (p : Ei ^ E he a. stable subobject of E and set v{Ei) = rie^ + aigx + 
{diH + Di + {diH + Di,fi)gx). ThenE/Ei belongs to Sl'^. We set v{H-'^{E/Ei)) := r' + a' gx + {d' H + 
D' + {d'H + D',P)gx). Then d' < 0. Let E' be the image of ip in £. Then d > di - d' > di > 0. If 
d = di, then we see that 4>{E/Ei) = 1 > 0(£'). Hence (j){Ei) < 4>{E). If di = 0, then Ei is a 0-dimensional 
object. Since E is purely 1-dimensional and H~^{E / Ei) is torsion free, E' ~ Q and H^^{E / Ei) = 0. 
Thus El = 0. Assume that di > 0. If ri > 0, then (★!) implies that {dri — dir){u}^)/2 -\- dia — dai > 0. 
Therefore 4>{Ei) < (j}{E). If ri = 0, then H^^ {E / Ei) = and the /3-twisted semi-stability of E implies that 
ai/di < a/d. Therefore (f>{Ei) < cj){E). 

16 



(2) Conversely assume that E G 21'^ is semi-stable. We first assume that r > 0. We set 

viH'^iE)) ^r'e^ + a' qx + {d' H + D' + {d' H + D',p)gx), 

v{H-\E)) -r"e^ + a" gx + {d" H + D" + {d" H + D" , P)qx)- 

Then d' > and d" < 0. Let H^{E) E2 he a. quotient in £ such that E2 is a /3-twisted stable objeet 
with v{E2) = r2eP + a2Qx + {d2H + D2 + (dzi? + D2,P)qx), d' /r' > ^2/^2 and keiiH°{E) ^ E2) G W. 
Sinee H°{E) e 1'", d2 > 0. Then E ^ E2 \s surjective in W. Let Ei be the kernel oi E ^ E2 in 
21^. Sinee E is semi-stable, (t){E) < (j){E2), which implies that {da2 — d2a) > {dr2 — d2r){uj'^)/2. We 
have d/r = {d' - d")/{r' - r") > d' /r' > ^2/^2 and d = d' - d" > d' > d2r' /r2 > d2. If d2 = d, 
then degQ{Ei) = and <j){Ei) = 1 > (l){E). Therefore d2 < d. If d/r > d2/r2, then (★!) implies that 
{da2 - d2a) < {dr2 - d2r){u^)/2. Therefore (i2/''2 = d/r and (r",d") = (0,0). In particular, H-'^{E) = 0. 
Then da2 — ^20 ^ implies that 02/^2 > a/r. Therefore E is /3- twisted semi-stable. 
We next assume that r = 0. We set 

viH'^iE)) ^r'el^ + a' gx + {d' H + D' + {d' H + D' , p)gx), 

v{H-\E)) =r"e^ + a" gx + {d" H + D" + {d" H + D'\ P)gx). 

Then d' > and d" < 0. Assume that r' > 0. Let H^{E) E2 he a. quotient in € such that E2 is a 
/3-twistcd stable object with ^(£'2) = r2e^ -I- a2gx + {d2H + D2 + {d2H + D2,l3)gx), d'/r' > d2/r2 and 
ker(i?"(£') £'2) e 21''. Since iJ°(£') € 1^, ^2 > 0. Then £ -> £2 is surjective in 21^. Let Ei he the kernel 
of -E £2 in 21^. Since i? is semi-stable, (^(£) < 0(-E2), which implies that {da2 — d2a) > {dr2 — d2r){uj^) /2. 

We have d ^ d' — d" > d' > d2r' /r2 > ^2- Since (ir2 — d2r = dr2 > 0, (★!) implies that {da2 — d2a) < 
{dr2 — d2r){uP')/2, which is a contradiction. Therefore r' = r" = 0. In particular, H~-^{E) = 0. Let E2 be a 
/3- twisted stable quotient object of E with w(i?2) = a2gx + {d2H+D2 + {d2H+D2, (3)gx), a/d > 02/^2- Then 
(/)(£) < ^(£'2) implies that ^02 — ^20 > 0, which is a contradiction. Therefore E is /3-twisted semi-stable. □ 

Lemma 2.2.2. Assume that {-kS) holds. For an object E of'D{X) with v{E) ^ v, E is a /3-twisted semi-stable 
object of C if and only if E[l] is a semi-stable object o/2l(^.tj). 

Proof. Assume that E E € is /^-twisted semi-stable. Then £[1] e 2t(^ ^^j. We consider an exact sequence in 

^ £i[l] ^ £[1] ^ £2[1] ^ 
such that £2[1] € 2l(^,„) is a stable quotient object of £[!]. Then H"{F2[l]) = 0. We set 

v{F2) := r2e^ -f asgx + (^2^? + £'2 + {diH + £>2, /3)£<x). 

Let F' he the image of £ ^ if-i(£2[l]) = £2 in £. We set v{F') := r'e^^ +a' gx + {d' H +D) + {d' H +D, p)gx. 
Then d/r < d'/r' < d2/r2. Thus rd2 - r2d > 0. Moreover if d'/r' = d2/?'2, then iJ"(£i[l]) = £2/£' is a 
0-dimensional object. If d2 = 0, then ^^•)(£2[1]) £ M<o- Hence </)(£[!]) < 1 = 0(£2[1]). So we assume 
that d2 < 0. We note that d2 > d' > dr'/r> d. If rd2 - r2d > 0, then (★3) implies that 0(£2[1]) > <l)iE[l]). 
If rc?2 — 'i'2d = 0, then (★S) implies that da2 — ^20 > 0. Therefore £[1] is semi-stable. Moreover we see that 
£[1] is stable if £ is /3-twisted stable. 

Conversely let £[1] be a semi-stable object of ^(p^uj)- We shall prove that £ is a /3-twisted semi-stable 
object of £. We set 

v{H-\E[l])) ■.=r"ef + a" gx + {d" H + D" + (d" H + D" , p)gx), 

w(i/"(£[l])) :=r'e'^ + a' gx + (d' H + D' + {d' H + D',p)gx). 

Then r ^ r" — r' , d ^ d" — d' and a ~ a" — a' . We also have d" /r" > d/r and if the equality holds, then 
r' = d' = 0. Let £1 be a /3-twisted stable object of i7^^(£[l]) such that 

f (£1) = rie^ + aigx + {diH + £1 + (diH + D^,P)gx), di/r^ > d"/r" 

and i/-i(£[l])/£i e Then di/ri > d/r and £i[l] ^ £[1] is injective in 2l(^,„). If di = 0, 

then Z(^_^)(£i[l]) e R<o,' which implies that 0(£i[l]) = 1 > 0(£[1]). Therefore di < 0. We note that 
di > d"ri/r" > d" > d. Moreover if di = d, then ri r", di = d" = d and d' = 0. If di/ri > d/r, then (*3) 
implies that (/)(£i[l]) > (/)(£[!]), which is a contradiction. Therefore di/ri — d/r. Then we have r' = d' = 
and a' > 0. By (*3) and di/ri = d/r, we get aid — adi > 0. If ai/ri > a" /r = {a -\- a')/r, then we have 
aid — adi < 0. Hence a\/r\ ~ {a + a' )/r = a/r, which implies that a' = 0. Therefore 77°(£[1]) = and £ 
is /3-twisted semi-stable. 

□ 

Lemma 2.2.3. Let F be an object of'^(^p^^y 

(1) If F is a semi-stable object with (t>{F) < 1, then F does not contain a 0-dimensional subobject. 
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(2) F G ^{p^uj) does not contain a non-trivial 0- dimensional subobject if and only if F is represented by 
a complex (p : U-i — > Uo such that U-i and Uq are local projective objects of €. 

Proof. (2) Assume that F £ ^{i3,ui) does not contain a non-trivial O-dimensional object. Let C? be a local 
projective generator of £. Since Ext^(G(-n), H-^{F)[1]) = Ext^(G(-n), H-\F)) = forn > 0, we have a 
morphism G(— n)®^ F which induces a surjective morphism G(— n)®^ H'^{F). Wc set Uq := G(— n)®^ 
and set C/_i := Conc(C/o ^ By the exact triangle 

H'{Uo) = 0, i 7^ and H'{F) = 0, i ^ -1,0 imply that H'{U^i) = for i 7^ 0. Hence J7_i € C. If 
Ext^(;7_i, A) ^ for an irreducible object A of £, then we have a non-trivial extension 

Since Ext"^(A, Uq) = Ext"^(;7o, = 0, we have a morphism ip' : U'__i C/q such that U^i U'_^ ^ Uq is tp. 
Hence we have a morphism A — > _F which induces an injection A — H^{F). It contradicts the assumption 
on F. Therefore Ext (J7_i, A) ~ for all A, which implies that U^i is a local projective object of £. 

Conversely assume that F is represented by a complex C/_i — > C/q such that C/_i, Uq are local projective 
objects. Let A be a 0-dimcnsional object of £. By the exact triangle 

C/_i^C/o^^^^C/-i[l] 

and Hom(A, C/q) = Ext^(A, C/_i) = 0, we have Hom(A, F) = 0. □ 

Remark 2.2.4. Assume that rk£: < and {ci{E),H) > 0. Then </>(£;) < 1. If £■ is semi-stable, then H-^{E) 
is a local projective object. Indeed for a 0-dimcnsional object A of £, by using the exact sequence 

^ H-^{E)[l] H^{E) 0, 

we have an exact sequence 

Hom(A,i7°(F)[-l]) ^ Hom(yl,i7^i(£:)[l]) ^ Yiom{A,E). 
Therefore Hom(A, iJ-^ (£;)[1]) ^ 0. 

Definition 2.2.5 ([301 Lem. 1.1.9]). Let G be a local projective generator of C Then we have an abelian 
category 

{E e B{X)\H'{E) ^0{i^ -1, 0), 7r,(G ® H-\E)) = 0, i?V,(G ® = 0}. 

Since G^ is a local projective generator of G^-twisted semi-stability and (— /3)-twistcd semi-stability are 
defined by Definition 11.2.21 

Remark 2.2.6. Let F and ip be the complexes in Lemma [2.2.31 Since kei{ip'^) and H^{F)'^ are the same on 
X \ UiZi, we have /Xmax.G^ (ker((p^)) < 0. Since (coker((p^))^^ and are the same on X \ U^Zi, we 

also have /Xmin.G^ (coker((y9^)) > 0. 

Proposition 2.2.7. Assume that (★2) holds for v (i.e., (★I) holds for v"^ ) . Let F be an object o/D(X) with 
v{F) — ~v. Then F is a semi-stable object of^'^ if and only if F'^[l] is a {— /3) -twisted semi-stable object of 
e:^ with v{F'^[l]) =v'-'. ' 

Proof. Let be a (— /3)-twisted semi-stable object of £^ with v{E) = w^. There is a surjective morphism 
ip '. (G^(— n))®^ — > E, where n ^ 0. Since E docs not contain a O-dimensional subobject of we see 
that kerV' is a local projective object of Thus E is represented by a complex V-i ^ Vq such that Vi are 
local projective objects of Then wc have an exact triangle 

E"" -^v^;' ^V^,^ E^'il]. 

Since are local projective objects of £, we see that iJ'(iJ^[l]) = for i 7^ —1,0. Moreover we get 
H-^iE'^ll]) is a ^-semi-stable object of £ with degG,(-ff"H^^^ [1])) = c^l^^) < and H"{E'^[1]) is a 0- 
dimcnsional object of £. Thus £'^[1] G 2t^. Wc take an exact sequence in 21^ 

i^i -B'' [1] ^ F2 ^ 

such that F2 is a stable object. By Lemma [2.2.31 implies that i?^[l], and hence Fi does not contain a 
O-dimensional object. We have an exact sequence 

> H~\Fi) > H-\E''[l]) > H-\F2) 

> H^{Fi) > F"(£;^[l]) > H^{F2) > 0. 
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Since i7°(£'^[l]) is 0-dimcnsional, H^{F2) is also O-dimcnsional. Since F2 does not contain a 0-dimensional 
object, by using Lemma [2.2.31 we see that G . So we have an exact sequence 

^ H-\F^[l]) F2^[l] H\F^[1\) 0. 

We set 

v{F^[l]) -.^r^e-l^ + a2Qx + {-{d2H + D2) + {chH + D2, 13)gx), 
w(im V') :=r'e-l^ + a' gx + {-{d'H + D') + {d' H + £»', P)qx). 

Since —d2 < ~d' , we have —d2/r2 < —d'/r'. Since £^ is (— /3)-twisted semi-stable, —d'/r' < —d/r. Thus 
we have —d2/r2 < —d/r. If the equality holds, then r2 = r' and —d2 = —d'. If 1^2 = 0, then 1 = (piFz) > 
(j){E'^[l]). Assume that ^2 < 0. We note that -d2 < -d' < -dr'/r < -d. If d = d2, then d ^ d' and 
d = r'. Hence coker-0 is a 0-dimensional object. We also have deg^v (ker '0) = (^2 — d'){H'^) = 0. Then 
rki^i = rkiJ-i(Fi^) > and degG(i^i) = 0. In particular, Aeg(j[H^ {Fi)) = AGga{H-^{Fi)) = 0. Since 
H°{Fi) e with degc,(77°(Fi)) = 0, H°{Fi) is a O-dimcnsional object and H-^{Fi) = 0. This means that 
Fi is a O-dimcnsional object, which is a contradiction. Therefore ^2 > d. If 7'(i2 — r2d > 0, then (*2) implies 
that (j){F2) > (j){E^[l]). If rd2 - r2d = 0, then r2 = r' implies that H~'^{Fi[l]) is a torsion free object of 
rank 0. Therefore H^^{Fi[l]) = 0. By the (— /3)-twistcd semi-stability of E, a2/r2 < a/r. Then we get 
da2 — d2a > 0, which implies that 4>{F2) > (j}{E^[l]). Therefore £'^[1] is a semi-stable object of 21^ with 
v{E''[l])^~v. 

Let F be a semi-stable object of SI** such that v{F) = —v. By Lemma I2.2.3[ F is represented by a 
complex U-i — Uq such that C/_i and Uq are local projective objects of £. Then is represented by 

the complex Uq — ?> U^i- By [501 Rem. 1.1.9], Uq and C/^j^ are local projective objects of By the proof 
of Lemma H°{F) is 0-dimensional and H-^{F) is a /i-semi- stable object of £. Hence F^[l] e is a 
/z-semi-stablc object. Let F^[l] F2 be a quotient of F^[l] such that F2 is (— /3)-twisted stable and 

v{F2) = rie-^ + aiQx + {-{diH + D^) + {diH + /3)^)x), -di/ri = -rf/r. 

Since Fi := ker(F^[l] — >• F2) is a ^-semi-stable object of Fi[\\ and F2^[l] are object of "Qi^ and we have 
an exact sequence in Sf*: 

^ F2''[l] -^F ^ F'^[l] 0. 

By the semi-stability of F, 0(F^[1]) < 0(F). Then we have —dai + dia > 0, which implies that ai/ri > a/r. 
Therefore F^[l] is (— /3)-twisted semi-stable. □ 

By Lemma [2. 1.71 Proposition 12 . 2 . II and Proposition 12 .2 . 7l we have the following result of Toda [U] Prop. 
6.4, Lem. 6.5]. 

Corollary 2.2.8. Let E be an object of'D{X) with 

v{E) ^ re^ + agx + (dH + D + {dH + D, p)gx), d>0,DeH^. 

Assume that (w^) ^ {{v{Ef) - [D^)). 

(1) lfr>0, then E is a semi-stable object of if and only if E is a /3-twisted semi-stable object of €. 

(2) If r < 0, then E is a semi-stable object of if and only i/F^[l] is a {— /3) -twisted semi-stable 
object of €^ 

By this corollary, we also have the following. 

Corollary 2.2.9. For 

V = re^ + agx + {dH + D + {dH + D, P)gx), d>0,D eH^, 
assume that (w^) 3> ((w^) — {D'^)). Then there is a coarse moduli scheme M(p^^^{v), which is given by 



M[f}^uj){v) 



M^(u), rku>0, 
M-^(-u^), rkw<0. 



Corollary 2.2.10. Assume that d = dmin- Then there is a coarse moduli scheme 

Proof. If (oj^) > 2, then = 21^. In this case, by Lemma [2. 1.61 and Corollarv l2.2.10[ we get the moduli 

scheme. For a general case, the claim follows from Proposition 1 1 . 6 . iTH □ 
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2.3. A relation of [55] with Bridgeland's stability. Wc take a sufficiently small element a G NS(X) Cg) Q 

such that —(6*^+", v{A)) > for all 0-dimensional objects A of €. Let X' := M ^ "(wo) be the moduli space 

of (/3 + a)-twisted semi-stable objects of £ and there is a projective morphism X' Y' , where Y' := M ^{vq). 
By choosing a general a, we may assume that X' is a smooth projective surface. Then there is a universal 
family £ on X X' as a twisted object. For simplicity we assume that E is untwisted. Let 

$ : D(X) ^ D(X') 

be the Fourier-Mukai transform. Let £' be the category of perverse coherent sheaves on X' associated to 
/?'. that is, — (e*^ > for all 0-dimensional objects A of For a; with (w^) < 2/rQ, we shall consider 

the Fourier-Mukai transform of 21 = 2l(^ ,^). We take 77 -I- \/—\u) such that € T?-*- and is sufficiently 

small. Then 2l(^+^.^) = 21. Let 21'^ be the category in Definition 11.2.71 associated to the pair (/3',cj') (cf. 
(dini)). By Lemma ([rTT]) . 



Thus we have the following diagram: 



21 ^ 21"^ 



(2.4) 



2 



Wc note that {u?) < 4 if and only if iup-) > 2. Since $[1] : 21 ^ 21'^ is an equivalence ( |30( Thm. 
3.5.8]) and Z^p,^z){(l){E)[l]) = -ij;^Z(p^^){E), Corollary [LUS] (1) also follows from (2). The following is a 
refinement of [H Thm. 1.7] and 00 Prop. 3.7.2 (1)]. 

Proposition 2.3.1. We set w := re^' + agx' + {dH + D + {dH + D,I3')qx')- Assume that d > N{v) 
(see Lemma \2.1.4^ . Let E G D(^) be a complex with w($(£')[2]) = w. Then the following conditions are 
equivalent. 

(i) E is a /3-twisted semi-stable object of £. 

(ii) E[l\ is a semi-stable object of % for {13, lu). 

(in) $(i?)[2] is a semi-stable object ofWi'^ for (/3',w). 
(iv) $(i?)[2] is a P' -twisted semi-stable object of (t . 

Proof. By p.4p . (ii) is equivalent to (iii). The equivalence between (i) and (ii) follows from Lemma [2.3.31 
(1). The equivalence between (iii) and (iv) also follows from Lemma [2.3.31 (2). □ 



Remark 2.3.2. If (w^) ^ 2/rg, then (ii), (iii) and (iv) are equivalent. Thus in order to compare the moduli 
spaces Mh{^~^{w)) and M^{w), it is sufficient to study the wall-crossing behavior in 2t(^_^). 

Lemma 2.3.3. Assume that d > N{v). 

(1) {*3) holds for ^^^{w) and any {uj^) > 0. 

(2) (+1) holds for w and any (w^) > 0. 

Proof. We note that $^^(it;) = r^jOe^ + —qx — {dH + D + {dH + D,P)gx). Hence the claims follow from 
Lemma dXl ° □ 



Remark 2.3.4. Assume that 21' = 21'^. If the following two conditions hold, then the conditions (ii), (iii), 
(iv) are equivalent to the (— /3)-twisted semi-stability of in . 

(1) (+2) holds for ^~'^{w) and any (w^) > 

(2) (★I) holds for w and any (w^) > 0. 

By Lcmma r2.1.6l we have the following claim. 

Lemma 2.3.5. Assume that 21 = 21^. If d = dmin; then the conditions (ii), (iii), (iv) are equivalent to the 
{—(3)-twisted semi- stability of E^ in 
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3. The wall crossing behavior. 

3.1. The definition of wall and chamber for stability. In this section, we fix H and {H,(3) and study 
the wall crossing behavior of Bridgcland's stability condition in ion or i/j(R>o_ff) on a K3 surface or an 
abelian surface from the view of Fourier-Mukai transforms. 
We set 

V, := ne^ + a,gx + {d,H + D, + {d,H + A, P)gx), i = 1,2, A e H-^. 
Lemma 3.1.1. Assume that di,c?2 > 0. Then 



r- 






02 \ 


\di 


d2j 


\di 


^2/ 



Proof. The claim follows by using the following equalities 

{{v,/d,f) + {{D,/d,f) - 2(ri/di)(«iM), 

(faM)') + ((^2M)') - 2(r2M)(a2M), 

{vi/di,V2/d2) + (AM, AM) - (riM)(a2M) - (r2M)(ai/di). 

Lemma [3.1.11 implies that 
,„ I , ((d2£'i - rfi A)^) , cf2 , 2\ , "^i / 2\ , {d2r\ - dxT2){d2ai - dYa2) 

^^^'^'^^ ^ Mrf^ + M ^"^^ + M ^"'^ + ^2 • 

Then we see that 

(3 2) ((^'1 + ^'2)') ^ Ml ^ Ml _ (fa A ~ ^1^2)=^) ^ (rf2ri-rfir2)(rf2«i-rfia2) 

di + ^2 0^2 did2(di+d2) d\d2{d\^d2) 

We also have 



(iid2 2d{ 2d 







( ai 


02 \ 


\di 


d2j 


\di 


^2/ 



and 

(3 3) ((^i+^2)^)-(A+A)^ ^ («^) - (gf ) ^ {vD - {Dl) ^ {d2n ~ d,r2)id2ai - d,a2) 
di + d2 dl d2 ^1^2(^1+^2) 

Assume that 

(3.4) v = re'^ + agx + (dH + D + {dH + D, P)qx), d>0 
has a decomposition 

s 

(3.5) v = ^Vi, (t){v^) = (j>{v), 

i=l 

where 

(3.6) = Tie'' + a^gx + {d^H + A + {d^H + Di,l3)gx),di > 0. 
We note that di/dmin € Z (Definition l2.1.5p . By using p.2p and p.3p . we have 

j \ "mm / " "mm 

^^■^^ ^fa)-pf) , . ^/(^;2)-(i?2) , , d 



dLfay - d dL 



-£. 



□ 



Lemma 3.1.2 (Bogomolov inequality) . Let E he a semi-stable object o/2l(^^ij) with the Mukai vector ()1.3p . 
Assume t/iat d > 0. Then 

(3.8) (z;(i;)2) > -2(d/d,ni„)2e. 

Proof. We may assume that t is algebraically closed. Then for a stable object Hom(i?, E) = Hence 
the claim holds. In particular, if d = dmin, the claim holds. For a general case, we take a Jordan- Holder 
filtration of E. Then by (|3.7p . we get the claim. □ 



Definition 3.1.3. Let C be a chamber for categories, that is, ^(bH+ri.(Aj) is constant for (77,0;) G C n i^. For 
a Mukai vector u, we take the expansion p.4p . where /3 = + r]. 
(1) For ui in p. 61) satisfying 

(a) < dl < d, 

(b) (^,2)<(rfJd)(^2^+2^£, 
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(c) > -2^j, 
we define a wall of type vi as the set of 

W^, {(r,,c^) e ^K|(^')(dri - d,r) = 2{^d{e''"+\vi} + d,{e''"+^ ,v))}. 

(2) A chamber for stability is a connected component of C \ Utj^Wtj^. 

Remark 3.1.4. For a fixed f3 := fei/ + ry, we have the injection : R^qH — >■ .^r (sec ll.Sp . Then we have the 
notion of walls and chambers for M>o-ff . In this case, we can require that vi also satisfies 

(3.9) (v!) - {D,f < {d,/d){{v^) {D')) + 2§^e. 

We shall prove that the candidates of (ri, di, ai, (Df)) are determined by (H^), b, r], v. We note that dmin > 
jj^j^^, where bo is the denominator of b. By (a), (c) and p.Op . we have 

-2d%l{H'^f < dl{H'^) - 2riai < d^{H'^) - 2ra + 2d%l{H'^f . 

Since Q < di < d and ai € ^Z, the choices of ri,ai are finite. Since -{D\) < 2d'^bl{H'^Y -\- d\{H'^) - 2riai, 
{D\) is also bounded. In particular, the candidates oi ri,di,ai and {D\) are determined by {H^),b,ri,v. 

Lemma 3.1.5. The set of walls is locally finite. 

Proof. The claim is a consequence of [SJ Prop. 9.3]. For a convenience sake of the reader, we give a proof. 
Let i? be a compact subset of .^r. We shall prove that 

{wi| vi satisfies (a), (b), (c), Wy, n B 7^ 0} 

is a finite set. We take ro G Z with roe''" G H* {X, Z). For (3 = bH, bH + tj, we write 

V =re^^ + agx + dH + D + {dH + D, bH)gx 



~re 



a'gx +dH + D' + {dH + D' , bH + ri)Qx, 



VI ^rie''" + aigx + diH + Di + {diH + Di,bH)gx 

^rie''"+" + a[gx + d^H + D[ + [diH + D[,bH + ri)gx. 

Then 

(3.10) a' ^a-{D,r,)+r^-^, ^ ai - (i^i, 77) + 
We note that 

a - yq:D^V^(^ + < a' < a + V^(:D^yq^ + r^. 

Assume that {t],uj) € Wy^, i.e., 

(3.11) da[-dia' ^^-Y-ind-rdi). 

We shall give a bound of ri by 1;, (w^) and (77^). We have 2riai < d\{H'^) + 2d\/d'^^^.^. If 7'i < 0, then 

1 



Hence 



ai > —{dl{H^) + 2d2/<i„) > -(d?(i72)/2 + d?/<iJ. 
2ri 



1 



dn - dir = 2(dai - dia)/{io^) > — r- {-d{dl{H'^) + 2d?/4 ) - 2dia) 

[UJ ) 

Therefore 



If ri > 0, then 



Hence we see that 



ai < ]^{d\{H^) + 2dl/dl^). 
n<^|i.+ (^(d?(i/^) + 2d?/<J-2-^a. 



Since ri is an integer, the choice of 7*1 is finite. 
We have 



ria\ = ri —^—(ri - rdi/d) + a'di/d > ri — 



a r 



by dSUl). Then by using (|XTU)) . we get 

'd 



We have 



111 

=2ria'i+2ri(I?i,77)-r2(7y2)_(i)2) 



Hence -{Dl) is bounded. Since Di = (ci(wi) - rifeff) - (ci(vi) - nbH, H)H/{H^) € 5;^^NS(X), the 
choice of Di is finite. Then rioi is also bounded. Since raai G Z, the choice of is finite. □ 

By the same arguments in |23] . we get the following claim. 

Lemma 3.1.6. // (77, w), (t?', cj') belong to the same chamber, then Ai(bH+ri,u:){v) ^ M^(bH+ri' ,u:'){'>^)- 

Assume that d > 0. Then (efc^+^f+v^", i,) ^ M. Since (e''^+''+^'^, vi/di - w/rf) e M, = ^(wi) if 
and only if (e'''f^+''+^", vi/di - v/d) = 0. Since 

— v/d) is determined by the wall Wy^. 
If dri — c?ir 7^ 0; then Vt^u^ is a half sphere in .$3r: 

, 2\ f dDi — diD\^ ^dai — dia fdDi — diD^^ 
\ dri — dir J dri — dir \ dri — dii 
If dri — dir ~ 0, then W^-^ is a hyperplane in i^u: 

(rj, dDi — diD) = (dai — dia). 

In this case, Wy^ is the wall for 77-twisted semi-stability. 

We can easily prove the following lemma, which will be used later. 

Lemma 3.1.7. (vi — div / d^e^^^^^^) ^ if and only if = 0, where 



'7W) 



-^Qx 7== {H + {H,l3)gx). 



The relative cases. Let 3^ — > S* be a polarized family of normal /v3 surfaces or abelian surfaces over S. 
Assume that there is a smooth family of polarized surfaces X S with a family of contractions ir : X y 
over S such that R7r*(0;t) — Oy. Assume that there is a locally free sheaf Q on X which defines a family 
of tiltings €.s, s £ S and Qs is a local projective generator of €.s- Let H be a relative Q-Cartier divisor on X 
which is the pull-back of a relatively ample Q-divisor on 3^. We assume that there is a section a of f : X ~> S. 
Then a gives a family of fundamental classes gx^, s G S. We denote it by g. We take /3 S NS(A'/S')q. Let 
u e Z © NS(A'/S') ® be a family of Mukai vectors. For vi e Z)aig, we write 

vi ^rie^ + aigx, + diUs + Di + {diUs + Di, I3)gx,, Di eV.^. 

If vi satisfies Definition 13.1.31 (1). then Remark 13.1.41 implies that the candidates of ri,di,ai and {Df) are 
finite. Assume that ro/3 £ NS(A's). Then ^ := MdiUs + Di) e NS(A's) satisfies = rodi(H^) and 

(^2) ^^2(^2(^2) + (^2)), Since 

the set of Hilbert polynomials x{C>xA^ + "-^s)) of C'a's(C) is finite. Since the relative Picard scheme of a 
fixed Hilbert polynomial is of finite type, the equivalence class of ^ is also finite, where ^ G NS(A's) and 
£f G NS(A's') is equivalent if ^ and Sf belong to the same connected component of the relative Picard scheme. 
Thus we get the following lemma. 
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Lemma 3.1.8. There is a dominant morphism S" — > S* such that for any point s G S' , vi G H*{Xs, Z)aig in 
Definition \3.1.3\ (1 ) extends to a family of Mukai vectors ui G Z ® NS{X' / S') ® Zg, where X' :^ X x s 5'. 

3.2. The wall crossing behavior under the change of categories. In this subsection, we assume that 
X is a A'3 surface and wc fix /3 = bH + rj. Assume that lo G M>oi^ belongs to a wall W := Wjj(^e)^ where 
E G Exc^. Let aj± G Q>oH be ample Q-divisors which are sufficiently close to w and (i^^) < (w^) < (w^). 
We shall study the wall crossing behavior of the moduli spaces Let (j)± be the phase function 

for ^(^.cjj^). We set 

„ := re^ + agx + {dH + D + {dH + D, P)qx), D eH^. 
First of all, we shall slightly generalize the definition of the stability. 

Definition 3.2.1. E G is semi-stable with respect to ^(/3_(^), if 

E(^,„)(£;',i;)>o 

for all subobject E' of E (cf. Definition ll.B.Sp . M[f}^i^){v) denotes the moduli stack of semi-stable object E 
with respect to Z^i3_^-^ such that v{E) = v. 

We study the categories of complexes E G D(X) such that E G '^{p^u^) and E is semi-stable with respect 

Lemma 3.2.2. (1) For an object E o/2t(^_^^), i/ Hom(£'o[l], i?) = for all Eq G &w , then E G 
2t(;3,a;_)- If^ particular, for a semi-stable object E o/2t(/3^i^^) with 4>+{E) <1, E £ '^(i3^ui_)- 

(2) For an object E o/2l(^_(^_), i/ Hom(i?, E'o) = for all Eq G &w, then E G 2t(^^„^). 

(3) Assume that d > 0. Then A^(^,w±)(v) C M{p,uj){v). 

Proof (1) Assume that Roir{Eq[1], E) = llom{Eo,H-^{E)) = for all Eq G 6w Then H-'^{E) G ^(0,u^_), 
which implies that E G 2l(/j.cj_). Since < 1 and (/)+(£'o[l]) = 1 for i^o G ©w, Hom(i?o[l], i?) = 0. 

Hence E G 2l(^,„_). 

(2) Assume that Hom(£;,£'o) = for all Eq G &w By Lemma [TXTT] (3). we have H^{E) G 
which implies that E G 2l(^ ,^^). 

(3) For an object E of > implies that 4i+{E) < 1. Then (1) implies E G Let F 
be a subobject of in ^^ j. Then there is an exact sequence in 

such that H-'^{Fi) = H-^{F) G S'(/3,,^_), G 'X(;3,„^) and F2 G 6vf- Then Fi is a subobject of E in 

2l(/3,w_) such that the exact sequence in 

0^ Fi^ E^ E/Fi 

is an exact sequence in Slf^.^^^j. Indeed E G 2l(^,„^) and IIom(i?/Fi, i^o) C Hom(i?,iJo) = for all 
Eq G ©vv implies E / Fi G 2l(^^„^) by (2). Since Zi^p^^-^{F) ~ Z ^^•^{Fi) and a;+ is sufficiently close to uj, we 
have E(^,^)(F,F) = S](^,„)(Fi',£;) > 0. Therefore E € M(p^,^){v). 

Since the semi-stability with respect to is defined in the category Slj^^^^ ), M. ^uj _){v) C M(j3^uj){v) 

is obvious. □ 

Lemma 3.2.3. (1) If E £ ^(p,^-) satisfies Z^p ^^^lE) = 0, then E G &w- 
(2) //£; G %,a;+) sa<is/^es Zi^p,^){E) = 0, f/ien 'i; G 6m/[1]. 

Proo/. We set G := G(^,„),G± := G(^,^^) G iC(A) ® Q. For E G ^(/3,^)(S) = implies that 

H-^{E) and are /^-twisted semi-stable objects of £ with degG(i/-i(£')) = xg{H^^[E)) = and 
dega{H\E))=XG{H^{E)) = Q. 

(1) If iJ-^-E^) 7^ 0, then xg-{H~\E)) > xg{H^\E)). Hence E G %,^_) implies that H-^{E) = 0. 
Therefore E = H^{E) &ew 

(2) If i/0(£;) 7^ 0, then XG+iH-^E)) < xg{H~^{E)). Hence E G 2l(^,„+) implies that H°{E) = 0. 
Therefore E = H-'^{E)[l\ G ©iv[l]- ' □ 

Corollary 3.2.4. (1) If E e '^(fi,u,.) satisfies 4>^{E) = 1 and Z(p^^){E) G M>oe'^^'^, < < 1, 
then E G ©n^. 

(2) //£; G satis/^es (/)+(£;) = 1 and G M>oe'^^'^, < < 1, i/ien £; G ©w[l]- 

Proof. We note that Z(^^„)(£') G E<o. Then Zi^fi^^){E) G M>oe''^'^ implies that Zi^p^^){E) = 0. Hence the 
claims follow from Lemma [3.2.31 □ 

Proposition 3.2.5. Assume that d > 0. 
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(1) E G A^(^,(j)(u) */ and only if there is a filtration 

i^o C Fi C F2 C • • • C i^s = 

in 2t(^.^_) such that 

(a) ^(,3,w)(-Pi/^i-l) e R>oZ^i3^^){E), 

(b) Fi/Fi^i are semi-stable with respect to Z(^ij^_y 
(c) 

1 > (/)_(^^i/Fo) > (/._(^^2/-Fi) > • • • > ^-{Fs/Fs-i) > 0. 

(2) E e i/ and only if there is a filtration 

0^FoiZFiClF2<Z---<ZFs^E 

m2t(^.t^_) such that 

(a) e R>o%,..)(£;), 

(b) Fi/Fi^i are semi-stable with respect to or Fi/Fi^i G ©n/. 
(c) 

1 > 0+(Fi/^^o) > MF2/Fi) >■■■> (f>+{Fs/Fs-i) > 0. 

Proof. (1) If E' G A^(/j.tj)(i') is not a semi-stable object of 2l(^_(^_) with respect to ^j ), then we have the 
Harder-Narasimhan filtration 

= i^o C i^i C F2 C • • • C i^s = 

such that I > 0_(_Fi/Fo) > 0_(F2/i^i) > • • • > (f)-{Fs/Fs-i) > 0. Since aj_ is sufficiently close to uj, we have 
Z (p ,uj){Fi / Fi-i) G M>o^(;3.tj)(-E) for all i. Conversely if E has a filtration with (a), (b), (c), then Fi/Fi^i 
with (f)^{Fi/ Fi^i) < 1 are semi-stable with respect to (^-j by Lemma [3.2.21 (3). If (j)^{Fi/ Fi^i) = 1, then 
Corollary [3^231(1) implies that Ft/Fi^i G 6h^. Hence E G 7W(,3,(^)(w). 

(2) If E' G A^(^,cj)(w) is not semi-stable with respect to cr(;3.tj^), then we have an exact sequence 

O^E'^E^Eo^O 

in 2l(^_^_), where Eq G &w and Hom(E',E) = for aU F G ©vK- Thus £" G by LcmmalHXl] (2). 

We take the Harder-Narasimhan filtration of E' in 2l(^.^^): 

(3.12) 0^FoCFiCF2C---cFt^E'. 

Since a;+ is sufficiently close to uj, G R>o^(^,w)(-E). If 0+(i^i) = 1, then Corollary 13.2.41 (2*) 

implies that Fi G 6w[l]- By G 2l(^_(^_), we have (t)+{Fi) < 1. Thus 

1 > </)+(E^i/Fo) > MF2/F1) >■■■> c^+{Ft/Ft-i) > ^+{Eo) = 0. 

By Lemma 13.2.21 (1). (3), Fi/Fi^i G 2t(^.tj_) and they are semi-stable with respect to Z(_p^^y In particular, 
((XT^ is a fihration in 2l(^.„_). We set F^ := -B, where s := t + 1 for 7^ and s := t for £'0 = 0. Then 
we get a desired filtration of E. Conversely for a filtration with (a), (b), (c), Fi/Fi-i are semi-stable with 
respect to by Lemma [3.2.21 (3) or Fi/Fi-i G &w- Hence E G M(fi.ui){v)- □ 

By the following lemma, the choice of the Mukai vectors v{Fi/ Fi^i) in Proposition 13.2.51 is finite. 

Lemma 3.2.6. Let E be a semi-stable object with respect to Z(_p^^y Assume that E is S -equivalent to 
ffif=o-^i such that (i) Z(^p i^)[Eq) = and (ii) Ei are semi-stable with respect to cr(^ ,^^) for all i > or Ei 
are semi-stable with respect to cr^^ ^^ ) for all i > 0. The choice of v{Eq) is finite. 

Proof We set v{Eo) roe^ + aogx + Dq + {Do,f3)gx. By Z^p^^){Eo) ^ 0, we have oq = ro{uj'^)/2. Then 
we have 

= -2{r-ro){a-ao) + d^{H^) 

Hence the choice of rg is finite. Since Eq is a successive extension of objects in Exc^, the choice of Eq is also 
finite. □ 
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3.3. The wall crossing behavior for d = dniin- As an example of the wall crossing behavior, we shall 
study A4[i3,uj){v) for d = dmin- In this case, there is no wall for stability and the filtration in Proposition l3.2.5] 
is of length s = 2. Assume that uj belongs to a wall W for categories. In order to study the contribution of 
&w, we set 

R+ {viE)\E G 6w, {v{Ef) ^ -2}. 
By Lemma ri.4.19[ R+ is a finite set. For a sufficiently small general element r/ e NS(X)q, wc have 

(u/ rku — u' / rku', -q + (?/, I3)gx) ^ 
for all u, v! G i?+ with u ^ u' . We may assume that = {wi, W2, . . . , Un}, 

(3.13) - (ui/rkMj,?7+ {ri,(3)Qx) < -{uj/ rku-j^ii + {t],(3)qx) 
for i < j. 

Lemma 3.3.1. (1) There is a unique (/3 + ri)-twisted semi-stable object Ui of € with v(Ui) = Ui. 
(2) 

(3.14) Hom(C/j,C/i) = 0, j > i. 

Proof. (1) By [3D1 Cor. 3.7.3], there is a (/3 + ?7)-twisted semi-stable object Ui of £ with w(J7i) = Ui. If 
J7i contains a (/3 + 77)-twisted stable subobject such that 11^ E &w and {v{Ui),T] + {r],P)gx)/ r^U.i = 
{v{Ui),ri+ {ri, (3)gx) / '':kUi, then v{U-) G R+. By our choice of rj, U- = Ui. Thus Ui is (/3 + 77)-twisted stable. 
Since {v{UiY) = ^2, C/^ is the unique (/3 + r7)-twisted stable object of £ with v{Ui) ~ Ui. (2) follows from 

(ixra □ 

Lemma 3.3.2. Lef £■ &e an object of^(^f;j^_y Assume that E is semi-stable with respect to ^(/3,tj) such that 
Rom{E,Ut) = Ofori<k. 

(1) if : E ^ Hom(i?, C/fe)^ ® C/fc zs surjective in £ and ker is a semi-stable object with respect to 
such that Hom(kcr(/3, Ui) = /or i < k. Moreover for the universal extension 

(3.15) ^ C/fc ® Ext^(ker(^,t/fc)'' E' ^ kevip^ 0, 

_B' is a semi-stable object with respect to Z^p^^^ such that Hom(£", Ui) = Q for i < k. 

(2) //Hom(C/i,£') = fori > k, then Hom(C/i, kerv?) ^ for i > k and Rom{Ui, E') = fori > k. 

Proof. (1) By Lemma [1.4.181 imi^ G &w- Let Fi be a subobject of im(p in £ such that Fi is (/? + 77)- 
twisted stable with —{v{Fi),t] + {rj, I3)gx)/ rkFi > — (u(im (^), 77 + {rj, I3)gx) / rkimip. Then —{v{Fi),r]-\- 
[rj, /3)gx) / 'rkFi < —{uk,rj + (rj, l3)gx) / T:kuk- On the other hand, for a quotient object F2 of im(p in £ 
such that F2 is (/3 + 77)-twisted stable with —{v{F2),7]+ {ij,P)gx)/ rkF2 < —{v(im(p),i]+ {ij, P)gx) / I'kimip, 
our assumption implies that —{v(F2),ri-\- {rj, P)gx) / rkF2 > —{uk,ri -\- (77, /3)px)/ rkufc. Therefore imtp 
is a (/3 + 77)-twisted semi-stable object with v (im ip) / rkiniip = Uk/rkuk- Thus mi(p = U®"^ . Then we 
see that m = dimHom(i?, ?7fe). Since Ext^(J7fc, t/fe) = 0, we get IIom(ker C/fc) = 0. If there is a non- 
trivial homomorphism 7/; : kcv Lp — > Ui, i < k, then by Lemma 11.4.181 F := irmp belongs to &\y and 
— {v{F), rj -\- (77, (i)gx)/ TkF < —{uk,r] + (77, (i)gx)/ rkii^. Then we have a quotient object U of E fitting in 
an exact sequence 

0^ F ^U ^ C/®"' ^ 0. 

Hence U G 6w and — (u(J7), 77 -1- (77, /3)f)x)/ rk [/ < —{uk,ri+ (77, /3)^7x)/rkiifc. This means that there is a 
quotient — > JTj, j < k. Therefore Hom(ker(^, Ui) = for aU i < k. By the exact sequence p.lSp . we get 
an exact sequence 

> Hom(ker^, J7,) > }ioin{E',Ui) > Hom([/fc, [/,) «) Ext^(ker^, JJ^) 

> Ext^ikcT (p,Ui) 

Since 6^ is isomorphic for 7 = fc and Hom(keriy9, Ui) = for i < fc, we get Hom(£", Ui) = for 7 < fc. Since 
Z(i3,uj){Uk) = 0, the semi- stability is a consequence of its definition. (2) easily follows from (1). □ 

Definition 3.3.3. 

M,^f3^^M){v) ■■= {E G M(^p^^){v)\Rom{U^,E) = 0,i> fc, Hom(i;, [/,) = 0, j < fc}. 
We define the Brill-Noether locus by 

M(p^u;,k)iv)m ■■={E G M(fi^^M){v)\ dimHom(£', Uk) = m}, 
■A/J(/3,;^,fc)(w)" :={-B G A^(;3,c^,fc)(w)|dimHom([/fc_i,£;) = 777}. 

We note that A^(;3,(^,fc)(w)o = ■^(^,w,fc+i)('^)°- As in [53], we have the following description of the Brill- 
Noether locus. 

Proposition 3.3.4. (1) A4(p^u:,k){''^)m is a Gr{2m -\- {v,Uk),m)-bundle over AA(^fj^^ k){v ~ ^'^k)o- 
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(2) A<(;3,w,fc+i)(w)™ is a Gr{2m + {v,Uk),m)-bundle over M(p^^^k+i){v ~ 'muk)° ■ 

Proof. (1) For F G M(f3^u;,k){v - muk)o, Hom(C/fe,F) = Ext^(L/fe,F) = 0. Hence dimExt^(t/fc,F) = 
muk) ~ 2m + (u, Uk) . For a subspacc 1/ of Ext^(J7fe, i^) with dim V ~ take the associated extension 

^ ^ F ^ E ^ Uk®V ^ 

then € A^(/3,(^,fc)('y)m- 

(2) For F e Hom(F, L/fe) = Ext^(i^, C/fc) = 0. For a subspace V of Ext^(i^, [/&) with 

dim 1/ = m, we take the associated extension 

(}^Vk®V"^ ^ E ^ F ^Q. 

Theni;eX(^,^,fe+i)(z;)'". □ 

Proposition 3.3.5. For E G A^(;3,w,fc)(''^)! S -equivalent to EqQ) Ei such that Eq is stable with respect 

to Z(^p^^j and Ei e &Wj then }loin{E,E) ^ t. In particular, if d = dmin, then }lom{E,E) ^ t for all 

Proof. Let Lp : E E he a, homomorphism such that ker(^ ^ and cokertp ^ 0. Then ker 1^9, im (ys, coker 
are semi-stable objects with respect to Z(^p_^y By our assumption, ker coker S <Bw or im(y5 G &w- In 
the first case, E G A1(^,tj,fe)(''^) imphes that 



rkkert^ rkufc-i 
{v{cokev Lp),ri + {7^,13) Qx) ^ {uk,ri + iv, P)qx) 



rk coker ip rk Uk 

Since v{kcvip) = v{cokcT ip), we have — ^"'"''^(^'^^^■^^ < — ^ which is a contradiction. In the 

second case, we also see that 

{uk,V+ {T],l3)gx) ^ {v{imip),T] + {t],13)qx) ^ (ufc-i, + /3)gx) 
rkufc ~ rkimiyj ~ rkufc_i ' 

which is a contradiction. Therefore ip is an isomorphism ot (p = 0. Then we see that Hom(_B, = ^ by a 
standard argument. □ 

Proposition 3.3.6. Assume that d ~ dmin- Then A^(^,tj,fc) (f ), ^ l£ k < n, are all birationally equivalent. 

Proof. We set m :— max{— (w, Ufc), 0}. Then M(j3^uj,k)i'L>)m is an open dense substack of A^(^,i^,a;)(w) and 
M(l3^u],k+i){v)"^ is an open dense substack of A^(/3.tj.fe+i)(w). For the proof of the claim, it is sufficient to 
show = M(i3^uj,k){v)m- If m = 0, then A^(/3,„,/c)(u)o = M(i3^uj,k+i){v)° . Assume that m > 0. 

Let be the reflection functor. Then for E E ■M(p.uj.k+i){''-'y"' , we have 

{E) = coker{Uk <S) liom{Uk,E) E) 

and E' ° ^Uk{E) fits in an exact sequence 

E^ E' ^ Exti(C/fe, ® Uk 0. 

Then we see that E' e A^(^,w,fc)(t')m- Hence we have an isomorphism A^(;9,(.j,fc+i) (w)™ A^(^j.Ld.fc)(^')m- ^ 

Corollary 3.3.7. Assume that d = dmin- 

(1) The birational type of M(^p^^'^{v) does not depend on the choice of general uj. 

(2) Mh{v) is birationally equivalent to Af/// (±<I>(t;)), where $ is the Fourier-Mukai transform in Sub- 
section[ 



Proof (1) We note that M(^f!,^,i){v) = and M(p^^^n+i){v) = A^(/3,a;+) By Proposition |3A61 

A^(^^^_-)(w) is birationally equivalent to Since the stability is independent of each chamber, we 

get our claim. 

(2) The claim follows from (1) and Proposition 12 . 3. Il □ 



3.4. The wall crossing formula for the numbers of semi-stable objects over ¥q. 
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3.4.1. The wall crossing formula for counting invariants was obtained by Toda [21| . Here we only consider 
its specialization. 

Let ¥q be the finite field with q elements. 

Definition 3.4.1. We denote the set of semi-stable objects over by 7M(^.^)(u)(Fg). 

We shall study the weighted number of semi-stable objects over F^: 

y ' 

We start with the moduli of /^-twisted semi-stable objects of £. There is an open subset Q'*'* of a Quot scheme 
Quot(>5^(_,„)®N/x/F such that A^^(w)'"' = [Q'^'^ /GL{N)]. Since every GL(A^)-orbit O over Fg contains a 
Fg-rational point (cf. [H Thm. 2]), we have #0(F<,) = #GL(iV)(F,) and 



(3.16) 



1 #Q^^(F,^: 



#Aut(i?) #GL(iV)(F,„)- 



Remark 3.4.2. Let be the open subset of Q'"* parametrizing stable sheaves. Since M^jj{v) is a 

principal PGL(A^)-bundle, [Mj Thm. 2] also says that 

Let us compute the wall crossing formula for X^bga^^ (u)(f ) # Aut(g) • ^"-^ '^'"^^ treat the case where w 
belongs to a wall W for stability in Definition 13.1.31 By using Desale and Ramanan [6] , we see that 

^^■^^^ ^ #Aut(£;) " ^ #Aut(£;) 

^ ^ -^A 1 ^ #Aut(S) ' 

where Vi, . . . ,Vs satisfies v = Vi, 4>{vi) = 4>{v) and (j)±{vi) > 4>±(v2) > ■ ■ ■ > 4'±ivs)- 

We next treat the case where uj belongs to a wall W for categories in Definition 11.4.31 For v with 

Z[i3,uj)iv) = 0, we set 

X(/3,^_)H :={S e GwHE) = w}, - 1 

X(/3,^+)(i') :={^ e ©w'K'(^) = = 0. 

Then we get 



#Aut(£;) ^ #Aut(£;) 



j: n E 



#Aut(£;) 

where Wi , . . . , satisfies 
(i) = J2iV^, 

(ii) ^(^i,tu)(wi) G I^>o-^(/3,t^)(w), 

(in) 1 > 0_(wi) > '/'-(?^2) > • • • > (l>~{vs) > and 1 > 0+(wi) > <j)+{v2) > ■ ■ ■ > '^+(vs) > 0. 
For vi,...,Vs with w = Y.i'^iy ^(/3,tj)(t'i) € R>o2'(^^^)(u), the condition 

1 > (p-ivi) > 0-(w2) > •• • > 0-(Ws) > 

is equivalent to 

1 > <j)+{Vs) > (j)+{Vs-l) > ■ ■ ■ > (j)+{vi) > 0. 

By the induction on d, we get the following claim, which is a special case of |21j . 
Proposition 3.4.3. 

^ #Aut(£;) ^ #Aut(£;) 
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Proof. We prove the claim by induction on d. By the wah crossing formula (|3.17p (|3.18p . it is sufhcient to 
prove the claim for d — dmin- In this case, by Proposition 13.3.41 we get 



Then we have 



#Aut(£;) ^ ^kvXiE)' 



51 4L^^^\iK\ ^ ^ 



#Aut(£;) ^ ^ ^kMl(E) 

^ #Aut(£;) 



#Aut(i;)' 

Since M(^p^^^i){v) = M(^p^^_){v) and A^(0,c^,„+i)(w) = A^(/3,c^+)(w), we get the claim. □ 
Proposition 3.4.4. If ut is general, then 

y ' = y ' 

^ #Aut(E) ^ #Aut(£;) 

Proof. By Proposition 13.4.31 and Corollarv l2.2.8[ we have 

}_ [YjEeM^ivY-^v^) #Aut(E)' rku>0 



E 



Then the claim follows from Proposition 13.4.61 below. □ 

Corollary 3.4.5. Let $ : D(Ar) — > D(Ar') he a Fourier-Mukai transform associated to a moduli of stable 
sheaves. Then 

y ' = y ' ■ 

^ #Aut(£;) ^ #Aut(£;) 

i5e.M^(«)-(F<j) iJeA1^',(±<E>(i)))"(F,) 

Proof. The claim follows from Proposition l2.3.1l and Proposition [3.4.41 □ 
3.4.2. We shall prove the following result. 
Proposition 3.4.6. Assume that ikv > 0. 

By the Hardcr-Narasimhan filtration, we can write down 



#Aut(£;) ^ #Aut(i;) 

by using '^^^j^p („/)ss(j' ^ ^Aut{E) with rkw' < rkw. By the induction on rk u, the proof of Proposition l3.4.51 
is reduced to show the following claim. 

Lemma 3.4.7. Assume that rkw > 0. 

y ' = y ' 

^ #Aut(E) ^ #Aut(E) 

Indeed if rku = 1, then Lemma 13.4.71 implies Proposition 13.4.61 

Definition 3.4.8. Let M.{p^oa)iv) be the stack consisting of i? e with v[E) = v such that H^^{E) is a 
/i-semi-stable object and H^{E) is a 0-dimensional object. 

Lemma 3.4.9. Let E he an object of with v{E) = v. Then E e M{i3,oo}iv) if and only if we have a 
filtration 

(3.19) C Fi d F2 C F3 = E 

such that Fi andF'i/F2 are 0-dimensional, F2/Fi[^l] is a local projective object of<t, F3/F1 is torsion free, 
Hom(_F2,^) = for any 0-dimensional object A of C 
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Proof. For an object E of with dim = 0, by Lemma [3.4. 10[ we have an exact sequence 

in £ such that is a local projective object of £ and T is a 0-dimensional object of €. 

Then we have an injective morphism T H^^{E)[1] — > E in 21'' and we get a quotient E/T in SI''. 
E/T is a complex such that H-^{E/T) = F and H°{E/T) ^ H°{E). Let A be a 0-dimensional subobject 
of E/T, then A — > H^{E/T) is injective. Hence there is a maximal 0-dimensional subobject B of iJ/T. 
Then there is a 0-dimensional subobject Fi of such that T C Fi and Fi/T = B. It is easy to see that 
H-^{E/T) -J> H-'^{E/Fi) is isomorphic. We take i^i C C F3 = £; as F2/F1 = H-^{E / F2)[l]. Then the 
filtration satisfies the required properties. 

Conversely if there is a filtration p.l9p . we have an exact sequence 

> H-^E) > H-^{F2/Fi) > 

Fi > H"{E) > H'>{F-i/F2) > 0. 

Hence the claim holds. □ 

Lemma 3.4.10. For a torsion free object E of (t, we have a unique extension 

O^E^F^T^O 
in £ such that F is a local projective object of C and T is a 0-dimensional object of <t. 

Proof. For a torsion free object Ei := E of £, if Hom(Ai, -E'i[l]) 7^ for a 0-dimcnsional irreducible object 
Ai, then we take a non-trivial extension 

^ El ^ E2 ^ Ai ^ 0. 

Then E2 is a torsion free object of €. If Hom(yl2, -E2[l]) for 0-dimensional object A2 of £, then a 
non-trivial extension 

0^ E2^ Es^ A2^ 0. 

gives a torsion free object E3 of £. Continuing this procedure, we get a sequence of torsion free objects 
El C E2 C ■■■ C En C ■■■ with v{E,) = v{Ei) + J^'jli viA^). Since Bogomolov's inequality holds for 
//-semi-stable objects, we see that {v{Ei)'^) > —N, where A'' depends on rkE' and the Harder-Narasimhan 
filtration of Ei with respect to the /j,-semi-stability. We set 

v{Ei) ■.=re^ + agx + {dH + D + [dH + D, P)gx), r > 0, 
v{A,) -.^hgx + (A + (A, fi)Qx), b, > 0. 

Then 

i—1 i—1 i — 1 

{v{E,f) - {v{Eif) = -2r^&, + {{D + Y,D,r) - (D^) < -2r^6, - (D^). 

Therefore there is an n such that Hom(yl, £^,i[l]) = for all 0-dimensional object A. Thus we get a desired 
local projective object. The uniqueness follows by using Hom(T, =0. □ 

By the proof of Proposition 12 .2 . 7l we get the following result. 

Lemma 3.4.11. E is a ^-semi-stable object of with degQv{E) > if and only if E'^[l] is an ob- 
ject of such that H~^{E^[V\) is a ji-semi- stable object of 1, H^{E'^[1\) is a 0-dimensional object and 
Hom(A, .^^[l]) = for all 0-dimensional objects of €. 

By Lemma [3.4.91 and Lemma [3.4.111 we have the following expressions: 

^ #Aut(E) ^ ' '\ #Aut(E) Y #Aut(E) 

with rkt;2 = (ci(f2),-f^) = 0. We also have 

Y #Aut(E) " J2 1^ ' '\ J2 #Aut(E) Y #Aut(E) 

where rkw2 = {ci{v2),H) = 0. We set v = -re^ ^ agx + {dH + D + {dH + D, P)gx) and V2 = a2gx + ( A + 
{D2,P)gx). Then -2r^ < {v^) - {{v^) - {D^)) = -2ra2 + {{D - D2Y). Hence the choices of V2 is finite, 
which implies the above equalities are well-defined. By the induction on rkw, we get Lemma l3.4.7l 
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4. The wall crossing bahavior on an abelian surface. 

4.1. The wall defined by an isotropic Mukai vector. In this subsection, we assume that X is an abehan 
surface over a field 6. Let f be the algebraic closure of i. We note that 21 = Sf^ and all ^{p.Lj) are the same. 
We fix /3 = bH + rj and study the wall crossing behavior with respect to w € Q^qH. By Definition l3.1.31 we 
have the following proposition. 

Proposition 4.1.1. Assume that d > 0. If v is a primitive and isotropic Mukai vector, then the stability 
does not depend on the choice of uj. In particular, 

M.[l3^uj)(v) ={£'1 E is a semi-homogeneous sheaf of v{E) = u},rki; > 
M(^lj,i^)(v) —{F[l]\ F is a semi-homogeneous sheaf ofv(F) = — 7j},rku < 0. 

Let wi be a primitive and isotropic Mukai vector. We shall study stable objects for oj lying on the wall 

We set Xi := M(^,„)(wi). Let ^x^-^Xi ■ ^ D"(Xi) be the Fourier-Mukai transform defined by the 

universal family E on X x Xi as a (1^ x Q!)-twisted sheaf, where a is a representative of [a] G II?^.{Xi, O^^)- 

Lemma 4.1.2. Let F be an irreducible a-twisted sheaf on a closed point W of Xi. Then 

IS a 

stable sheaf on X . 

Proof. Let y be a point of Xi (g){ 1. Since II?^{y, iy ) is trivial, there is an a-twisted sheaf Oy on y such that 

d\m-^{Oy) ~ 1. Then F(8){f is a successive extension of Oy., j/i, . . . , y„ G Xi (g){f, where n := dimj W. Hence 

E <I'xi->x(-^) is ^ sheaf on X such that E (^^t is a successive extension of stable sheaves ^Xi-s-x(^yi)- 
If E is not stable, then there is an exact sequence 

0^Ei^E^E2^0 

such that El (E)t 5 and E2 <E)i t are succissive extensions of stable sheaves $^^_^j,(-(0^. ). Then we see that 

Fi := ^ x-¥Xi i-^i) ~ 2) are 0-dimensional a-twisted sheaves and we have an exact sequence of a-twisted 
sheaves 

Q^Fi^F^F2^0 

on W. It contradicts the irreducibility of F. Therefore E is stable. □ 

Lemma 4.1.3. Let E be a stable object of% and assume that 4i{E) = (f){wi). 

(1) {v{E),wi)>0. 

(2) If {v{E),wi) ~ 0, then there are a closed point W of Xi and an irreducible a-twisted sheaf F on W 
such that E = ^^^^xi-^) ■ ^''^ particular, if i is an algebraically closed field, then E £ A^(^ jj)(wi). 

(3) // {v{E),wi) > 0, then Rom{Ei,E) = Ext'^{Ei,E) = for any stable object Ei with v{Ei) e Zwi. 
In particular, if {v{E),wi) = 1, then {v{E)'^) = 0. 

Proof. Let Ei be a stable object with v{Ei) e Zwi. We first note that IIom(£'i, £') ^ or IIom(i?, £'1) 7^ 
implies that E ^ Ei. 

Since dimXi > 0, we have a closed point W of Xi and an irreducible a-twisted sheaf F on such 
that ^ E. Then {viE),nwi) = («(£;), z;($|^^^.(£^))) = -x{E,v{'S>^^^xiF))) > 0, where 

n = dinit F. Thus (1) holds. We also have the first part of (3). 

Assume that E 7^ ^3:i~>xi^) ^'^^ irreducible a-twisted sheaf on a closed point W of Xi. Then 
^ (£■) [1] is a locally free a-twisted sheaf of rank {v{E),wi) on Xi. If {v{E),wi) = 0, then we have 
'I>^_j.^^ (£')[1] — 0, which implies that E = 0. Therefore E = ^x^^xC-^) ^^r an irreducible a-twisted sheaf 

on a closed point W of Xi. Thus (2) holds. 

If {v{E),wi) = 1, then is a line bundle on Xi. Hence {v{Ey^) = = 0. 

Thus the second part of (3) follows. □ 

Lemma 4.1.4. Let E be a semi-stable object with {v{E), vui) = 1. Then E is S-equivalent to Eq © (Bf^iEi, 
where Eq is a stable object with (w(£^o)^) = and {v{Eo),wi) — I, and Ei, i > are stable object with 
v{Ei) e Zwi. 

Proposition 4.1.5. Assume that uj± G Q^qH are sufficiently close to uj and {(jj'L) < (w^) < (w^). For v, 
assume that {v,wi) = 1 and A&'gQiwx) > 0. 

(1) There are (fine) moduli spaces which are isomorphic to Pic''(Xi) x Hilb^^^^^. 

(2) The universal families on X x M(^ tjj_)(?;) are the simple complexes in [22\ Thm. 4.9]. 
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Proof. Let (f)± be the phase funetion of ^(;3.cjj_)- Since (u, wi) ~ 1, Xi is a fine moduh space, i.e., E is a 
coherent sheaf. We first assume that 4)±{wi) < 4'±{v). In this case, for E G ■M{/3^uj±)i^) a-nd a closed point 
W of Xi, Ext^(E|xxH': -E') = Honi(£', E|xxw)^ =0- If ^ ■ E ^ E^xxw is a non-trivial morphism, then 
ip is surjective and kerV' is semi-stable. Since Hom(E|xxiV! E|xxiv') 7^ if and only ii W ~ W, we see 
that Hom(£', E|xx w) = except for finitely many closed points of X. Hence (f>^\.j^^ is a torsion 

free sheaf of rank 1. Replacing the universal family E, we may assume that ci($^\.jf^ (£')[1]) = 0. Thus 

'i>x\xAE)[l] =Iz<»L,Le Pic°(Xi) and Iz & Hilb^^/^ 

Conversely for a torsion free sheaf Iz ^ L, we shall prove the stability of ^^-^^xi^z ® We note 

that ^Xi^xWW '= '^{p.io){wo) where wq is a Mukai vector such that (w^) — and (^0,^1) = 1, and 
^^^^xi^z) = 'E\xxz is a semi-stable object with v{^^_^_^xi^z)) — nwi, n = dimj Oz- Hence we have an 
exact sequence in 21: 

^ '^^,^x{Oz) ^ <^l,^xilz ® L)[l] ^ ^^.^xim] ^ 0. 

Let El be a stable quotient object of ® such that (f)±{v) > 4)±{Ei). Then Ei is semi-stable 

with respect to uj and 4>{Ei) = (/)(«). By Lemma I4.1.4[ v{Ei) ~ uoWq + niwi with no = or 1. Since 
(l)±{wi) < 4'±{v), we see that uq = 0. By Lemma [4.1.31 (2). Ei = 'fxi-i.x (^)' where F is an irreducible 
a-twisted sheaf on a closed point W of Xi. Since Hom($^^^^(/2 (g) L)[l],Ei) = Hom(/2 (g) = 0, 

we get a contradiction. Therefore ^^^^xi^z ® is semi-stable. By Lemma [4.1.41 it is easy to see that 
■M{fi,uj±}{v) consists of stable objects. Hence we get that ^x^Xi induces an isomorphism Af(^^„^)(f) — J- 
Pic°(Xi) X mih'^xy^. Thus (1) holds. 

We next assume that (/)±(wi) > 4>±{v). In this case, we see that 'I'x^Xi (-^^)[-i] is a torsion free sheaf of 
rank 1. By this correspondence, we get (1). 

The relation with [221 Thm. 4.9] follows from the proof of [H Thm. 4.9]. □ 

Corollary 4.1.6. Under the same assumption of Proposition \4.1.5\ we have an isomorphism M(^p ,^^^{v) — 
) (w) by a contravariant Fourier- Mukai functor. 

Proof. Assume that (/)±(wi) < 4'±{v). Then the isomorphism -/i/(/3.aj±)(i') ~^ ^'^{p.uj^)iv) is given by 

E ^ ^T-.xi<fxAEn 
where e M(^_„^)(t;). □ 

4.2. Estimates of the wall-crossing terms. We shall estimate the dimension of the wall-crossing terms 
by computing the weighted numbers. For this purpose, we quote the following result of Lang and Weil [15| . 

Proposition 4.2.1 (Lang- Weil). Let Z be an algebraic set over ¥q with dimZ = k. Then 
where N is the number of irreducible components of dimension k. In particular, 

1 I 1 



^ndimM^M- \^ ^ ^^f-^^ ^ _ #Aut(£:) 

is bounded as a function of n. 

Lemma 4.2.2. For a Mukai vector v, we write v = Iv' , where v' is primitive and I > 0. Assume that 
{H,j3) is general with respect to v, that is, for any E G A^^(w)*'*, the S-equivalence class (BiEi of E satisfies 
v{E^) e<Qv. Then 

r {v^) + 1, {v^} > 0, 
dim i (^2) (i;2)=0, 

[{v')+P, K'>=-2. 

Proof. The proof is similar to those for [T31 Lem. 3.2, Lem. 3.3]. □ 
Remark 4.2.3. For an abelian surface, stronger results hold ([131 Lem. 3.8]): 

dimMniv)''-''' = (v^) + 1 

for {v^) > 0. 

Lemma 4.2.4. Let v = X]i=i ''^i decomposition in p.Sp with p.6p . Assume that {vD > for all i 

(e.g., X is an abelian surface). 

(1) (i) {vi,Vj) > 3 for i 7^ j, or (ii) {vi,Vj) =1,2 and (vf) = or = 0. 
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(2) Assume that (iJ, /3) is general with respect to v and all Vi. Then 
(a) 

i>j i 

unless s = 2, {ui,W2} = {lui,U2\, {u\) = 0, (ui^u-?) = 1. 
(b) // 

i/ien one of the following conditions holds: 

(bl) 3 = 2, {fi,W2} = {"1,^2}, (ui) = 0, (ui,U2) = 2, ui is primitive, 

(b2) S = 2, {vi,V2} = {2mi,2u2}; (uf) = (u^) = 0, {ui,U2) = I, 

(b3) s = 3, (wf) = 0, {vi,Vj) = 1 and (w^) = 6 

(b4) s = 3, {vi,V2,V3} = {ui,U2,ui + U2}, {u\) = (uf) = 0, (ui, U2) = 1 and v = 2{ui + U2). 
Proof. (1) Since {d2ri — dir2){d2ai — dia2) > 0, by (jS.ip and the Hodge index theorem, we have 



1 f d2 , 2\ . 



>^{v!){v^)>0. 



If (vf), (v'j) > 0, then {v„Vj) > 3. Therefore (1) holds. 
(2) We write Vi = liv[, v'^ is primitive. 

dimM^Hivr -Y,{v.,v,) -Y^dimM^M'^ - ^(i;., t;,) - ^(dimA^^(t;,)- - (t;^)) + l 

i>j i i<j i 

(4.1) >5]/,/,K,«;)-^/, + i 

i<j i 



If the equahty holds, then (i) (w^, Vj) = 1 for all i < j and (ii) for all i, U = 1 or {vf) =0. If s > 3, then 

hlj - E ^' + 1 > E - E ^' + 1 = (E ^■')(^^ - 1) - + 1 > 0. 
Assume that s = 2. Then 

E - E + 1 = - l)(^2 - 1) > 0. 
i<j i 

Hence if 

■i>i ' 

then s = 2, {v[,v'2) = 1. Moreover if (vf) > 0, then = 1. Hence (a) holds. Assume that 

dimX^(iO-^^ - Y^v^,Vj) - ^dimX^(w,;)'' = 1- 

i>j i 

Then by the estimate in (|4.ip . X]i<j hljiiv'iv'j) — 1) = 1 or X]t<j 'i'j ^ Si + 1 = 1- In the first case, s = 2, 
{v[,v'2) = 2, /i = ^2 = 1 and {v\){v\) = 0. In the second case, s = 2,3. If s = 2, = ^2 = 2, (vi) = (i>|) = 
and {v[,V2) = 1. If s = 3, then {wi,W2,W3} = {'"i,U2,U3}, {uf} = (U2) = 0, (ui,Uj) = 1. Since {13, uj) 
belongs to the walls Wvj^,Wv^,Wv3, by Lemma [5.1.71 ui,U2,M3 G ^^J". Since (^^) > 0, {{ui +^2)^) > and 
U3 — ui — U2 G (ui +U2)"'", we have ((^3 — mi — 1*2)^) < and the equality holds if and only if = ui + U2. 
On the other hand, we have < (uf) = {{ui + 1/2)^) + ((1*3 — mi — ^2)^) = 2 + {{u^ — ui — ^2)^). Hence 
{{u3-ui-U2f) = -2,0. If ((w3-wi-W2)2) = 0, then u = 2(ui+W2) and (v^) =8. If ((7/3-7/1 -U2)2) =-2, 
then (w2) = 4((wi + 7/2)^) + ((7/3 - mi - 1*2)^) =6. □ 

Proposition 4.2.5. Assume that X is an abelian surface over i and (/3,-ff) is general with respect to v. 
Let ioi and L02 he general members of Q^qH which are not separated by any wall W^i with {v,wi) = 1 and 
{w\) = 0. Assume that there are moduli schemes Af(^.^.)(7;), i = 1,2. We set Zij := i^.)(7;) \ M(^.^^)(7;), 
{i,j} = {1,2}. Then codimj^/^^ ^ j(„)(Zij) > 1. Moreover if there is no wall W^i with {v,Wi) = 2 and 
{w\) = 0, then codim^v/^^ ^ ) > 2. In particular, M(^p_^^^{v) C\ A/(^.cj2)(^) an open dense subset of 

each M(p^^.){v), i = 1,2. 
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Proof. Wc may assume that X is defined over a finitely generated ring R over Z. Tlius there is a smooth 
surface Xj^ over R such that i is an extension field of the quotient field of R and X = Xn t. Lemma 
13.1.81 implies that by a suitable base change, we may assume that all vi E H* {{Xii)s,Z), s g Spec(i?) in 
Definition [23131 (1) are defined over R. 

We first assume that there is no wall W^i with {v,wi) = 1 and (wf) = 0. In this case, we may assume 
that {ujf) ^ 1 and ^ 1. Then M(^fj,^.^){v) parametrizes semi-stable sheaves on X or their duals, and 

-^(/3,W2)(''^') parametrizes semi-stable sheaves on X' = Mniroe^) via the Fourier-Mukai transform ^y-Ix'- 
Now we take a reduction over ¥q. We note that J^sez -iw ) # Aut(_E) ^ i^iiSEA^ Wg get 13 := bH+rj, ?/ e H^. 
By Lemma 13.1.51 we can find an open neighborhood U of the segment connecting (77, wi) and {ri,uj2) such 
that U does not intersect W^i with (w, wi) = 1 and (wf ) = 0. We take a path /j := (ijtjUJt), 1 < i < 2 in [/ 
such that (i) 771 = 7/2 = (fi) is very close to the segment I'^ (?/i,a;t), 1 < t < 2, (iii) /t HM^uj OWy.^ — 
for any Wy^ 7^ satisfying the conditions (a),(b),(c) in Definition 13.1.31 and p.9p . Assume that {ris,ojs) 
belongs to a wall W. Then for s± with s_ < s < 5+, 5+ — s_ <C 1, wc have the formula (|3.17p . where {/3, uj) 
and (/?, u!±) are replaced by + ?7s, ^s) and + jy,^ , ). Then (H, bH + 77^^ ) are general with respect 
to V,. Indeed if Vi = + 11^2, I'tj = rije''^+''^' + QijQx + dij-ff + Aj + (dij^^ + D,j,bH + r]s)gx, d^j > 0, 
Til/dij = ri/di, aij /dij = ai/ di, then Vij/dij — v/d and Vi/di — v/d define the same wall. By our assumption, 
we have 7;ij7fiy --y/d e Q{vi/di~v/d). Hence we get Wii/dii - Wi2/di2 = (rn / d^i - n2 / di2)w , w G H*{X,Q). 
Thus Tii/dii — ri2/di2 ~ implies that vn/dn — Vi2/di2 = 0. In particular, we can apply Lemma 14.2.41 to 
estimate the weighted numbers of Zij{¥qn). Thus by Lemma [4.2.41 Proposition 13.4.41 Proposition 14. 2 . II and 
(|3.17p . we see that 

>i(dimA^^(iO = =-l/2) I S #Aut(£') I 

By Proposition 14 . 2 . ll dim Zij < dim M^{v) — 1 = (u^) + 1. Moreover if there is no wall W^i with {v, wi) = 2 
and (wl) = 0, then dimZ„ < dimM^^w) = (v^). 

We next assume that there is a wall W^.^ with {v,Wi) = 1 and (wf) ~ 0. If uji is close to a wall W^^, 
then Proposition 14. 1.5] implies that A^(^.i^.)(w) is isomorphic to the moduli scheme of torsion free sheaves of 
rank 1 on an abelian surface. Then the same argument gives the claim. □ 

4.3. Application. 

Theorem 4.3.1 f |29l Thm. 1.1]). Assume that X is an abelian surface over a field t. Let^l^^j^, : B{X) 
D(A'') be a Fourier-Mukai transform. Let v € Z) be a primitive Mukai vector with (u^) > 0. Let H 

be an ample divisor on X which is general with respect to v. We set v' := ±^j^_^j^,{v) and assume that H' 
is general with respect to v' . Then there is an autoequivalence ^\i^x' '■ -'-^(^') ^ -DC^') such that for a 
general E € Mh{v), F := <^\,^x' ° ^^Xx'i^) 

is a stable sheaf with v{F) = v' or F"^ is a stable sheaf with 

v{F'^) = v' , up to shift. 

[1] 

Proof. If rkE = 0, then we shall decompose ^x-^x' i'^^o ^ composition of two Fourier-Mukai transforms: 

*x^x' = ^x^/j^x'^x^x" such that rkE, > {i = 1,2). Thus we may assume that rkE > 0. Then 
^\xx{x'} is a //-stable vector bundle with respect to any polarization. We also note that the /3-twisted 
semi-stability for E with v{E) = v does not depend on the choice of /3, since is a general polarization. 
We set 

/3 ;=ci(E|xx{i;'})/rkE|xx{i;'}, 
/3' :=ci(E^{,},;,,)/rkE|{,}xX'. 

(1) We first assume that d > 0. By Corollary [2X9l M^{v) = M(^,^)(w) for (w^) > 0. Applying ^x'lx'' 
we have an isomorphism M^{v) = M(^/_(^/)(7;'), where (w'^) <C 1. We shall study the wall-crossing behavior 
between u' and tui' , t:^ 0. By Proposition 14.2.51 it is sufficient to study the wall W^j^ in Proposition 14. 1.51 
Then we have an isomorphism M^^pi^^^i ){v') — )■ M(^pi ^^i^-^{v') by a contravariant Fourier-Mukai transform. 
Therefore the claim holds in this case. 

(2) We next assume that c? < 0. We shaU construct a rational map M^{v) • • • — > Af(^_^)(7;) for (w^) » 0. 
Then the same proof of case (1) implies the claim. We set v := l{r -I- ^) -I- agx^ I S Z>o, gcd(r, ^) = 1. 
If r = 1,2, then 77 := 2^/r e NS(X). Then Corollarv [2X8l implies that Ei := E''^ <^ L is a Bridgeland 
stable object with v{Ei) = v, where ci(L) = 77. Thus we have an isomorphism AI^{v) — > Af(^ (^^(w) by this 
correspondence. Assume that r > 3. Let AIh{v)* be the open subset of M^{v) consisting of /i-stable locally 
free sheaves. Then the proof of [131 Lem. 3.5] implies that dimAf^(t;) \ Mh{v)* < dim M^{v) — 1. By 
Corollarv 12.2.81 we have a desired embedding Mh{v)* — >■ M(^^^)(?;). 

(3) If d = 0, then the stability is preserved by £: 1-^ $|'^^,(i;)'^ by [Ml Thm. 2.3]. □ 
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Let us explain the relation of this section with j29j and |22| . Let wi be a primitive isotropic Mukai vector. 
For the Mukai vector v in Proposition 14.1.51 we set 1^2 := u — -^^wi. Then (u)|) = 0, (iui,W2) = 1 and 
deg(5(w2) > 0. We set 

w, r,e^ + a,Qx + {d.,H + A + (dii^ + A, /3)eJf )• 
Since (wf) = 0, we see that a.^ = {(diH+Di) ) ^ jjg^^^^g 



^ 2n oOi/di- 02/^2 

(^w j — 



(4.2) 



ri/di - r2/d2 
((g + Di/di)^)d,/n - {{H + D2/d2?)d2lr2 

{ri/di - r2/(i2) 
_ ^(^2) ^ d2r2iDl) ~ nd,{Dl) 
rir2 rir2{rid2 - r2di) 



Assume that ri < and 7-2 > 0. (w^) > (tj^) > (w'^) means that (f>Ji-{wi) > (/)+(w2) and (t)^{wi) < 4>-{w2)- 
For a;_, a general stable object E of ^^(i?) = w fits in an exact sequence 

A[l] E ^ B ^ 0, 

where ^[1] G and B G ^^)(u;2). In particular, E is an honest complex with H~^{E) = A and 

H^{E) = B. On the other hand, for w+, a general stable object E' of v{E') = v fits in an exact sequence 

Q^B^E'^A^Q, 

where A[\] e M(^p^^){wi) and i? e ^I(i3.uj){w2)- Thus by crossing the wall Ww^ from w- to a;+, rkW{E), 
i = —1,0 become smaller. This fact was a key in the proof of [29l Thm. 1.1]. 

Remark 4.3.2. If NS(X) = Zif, then ()4.2p implies that we always have rir2 < 0. Thus if thers is a stable 
object E which is a sheaf up to shift, then a general member is Gieseker stable. 

In [52], we studied the set of pairs {(wi, W2)} by using the theory of quadratic forms. Thus a computation 
in [35] can be regarded as a computation of {Wu,j}. 

4.4. Relations of Picard groups. Let X be an abelian surface over C. For a primitive Mukai vector 
V = r+^+agx, £. G NS(X), assume that r > or r = and ^ is represented by an effective divisor. We assume 
that H is general with respect to v. Then we have a locally trivial morphism a : Mh{v) XxX, which is the 
Albanese map of Mh{v). Denote by Kh{v) a fiber of a. Then Kh{v) is an irreducible symplectic manifold 
of dim. Kh^v) = {v^) — 2 which is deformation equivalent to a generalized Kummer variety constructed by 
Beauville [3]. For an irreducible symplectic manifold, Beauville constructed an integral bilinear form on the 
second cohomology group. In our case, we have an isomorphism 

which preserves the Hodge structure and the bilinear form |25j . Then we have an isomorphism 

6, : H*{X, Z)aig n ^ Vk{Kh{v)). 

The same claims also hold for the moduli of stable twisted sheaves ([27l Thm. 3.19]). 

For a Fourier-Mukai transform $ : T>{X) D(X'), if there is an open subset U C Mh{v) such that 
dim(Mi/(u) \ U) < dimMfl'(w) - 2 and ^{E) e Mjy($(w)) for E e U, then we have an identification 
: H^{Mh{v),'Z.) iJ^(Mjj($(u)), Z) and a commutative diagram 

— ? — > $(u)^ 

Thus Proposition |4?23] enables us to study the Picard groups of Kh{v) unless there is no wall of type (bl) 
in Lemma [4.2.41 

4.4.1. A study on the wall of type (hi). For the wall of type (bl), the universal families are different along a 
divisor. We shall study the relation of two families in order to compare the Picard groups. For this purpose, 
we start with the analysis of a family of torsion free sheaves of rank 2. 

We set u = 2 + ^ + agx- Let a be a representative of [a] S H?^{X, Ox)- Let M be an open subscheme of 
the moduli space of simple torsion free -twisted sheaves E with v{E) = such that E** is simple and 
dim({E** / E) < 1, where E* := 'Hom{E,Ox)- Let f be a universal family as a {a^^ x Q!')-twisted sheaf on 
X X M, where a' is a representative of [a'] £ H?^^{X' ,0^,). Then IiHom{£ , O x x m) is not a family 

of torsion free a-twisted sheaves. We shall modify this complex to a flat family of torsion free a-twisted 
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sheaves. Let D be the divisor of M parametrizing non-locally free sheaves. We shaU prove that D is smooth 
and £xt^{£,OxxM) is an O^j-module. We take a locahy free resolution of 

Then £^ is the complex whieh is represented by — > [/^. The support of £xt^{£,OxxM) is X x D. 
Assume that E £ D. By the local-global spectral sequence, we have an exact sequence 

Ext^{E,E) 4 H°{X,£xt\E,E)) H^{X,nom{E,E)) % Ext^{E,E). 

Since E** is simple, ■0 is isomorphic and ip is surjective. Since £xt^{E,E) = Ms the Zariski tangent space 
of local deformation of E, D is smooth in a neighborhood of E. Moreover 

£xt\£,OxycM)^i*{F), 

where i: XxD^XxMis the inclusion and is a flat family of skyscraper a- twisted sheaves J^;, x e X 
parametrized by D. We have an exact triangle 

(4.3) £* ILHom{£,OxxM) ^ i*{F)[-l] ^ £*[!]. 

We set g ker(C/'' ^ i*{F)). Since Tor2{i*{F),OxxD) = 0, we get Tori (J", Ox xd) = 0. Thus G is flat 
over M and £\^xxd ^ ^\xxd injective. We have exact sequences 

^ ^I'xxD ^\XxD G\XxD 0, 

^ F{-D) ^ g^xxD ^ f/|xxi5 ^ ^ 0. 
For t £ D, £^xx{t} ^^'^ ^\xx{t} exact sequences in 2l(^/.^/): 

F\xx{t}[^] ^\Xx{t} (^|Xx{t})** ^ 0' 
^ (^|Xx{t})**[l] ^ ^|Xx{t}[l] ^ ^|Xx{t} ^ 0, 

where the intersection number satisfies [jS' ,uj') ^ (^,a;'). These are non-trivial extensions. 

Let us study case (bl) in Lemma [4.2.41 Let W^^ be a wall for v such that {wl) = and (u, wi) = 2. In 

[11 

the notation of section |4?T1 ^xXx i^) dual is a torsion free sheaf of rank 2 on Xi. We shall prove 

that each moduli space is represented by an open subscheme M of M^iw) such that dim{M2{w) \ M) > 2, 
where L is an ample line bundle on an abelian surface Y and w € Z)aig is a primitive Mukai vector. 

We shall prove this claim inductively by crossing walls of type (bl). So we may assume that one of the 
M(^ ,^^)(i') is represented by a scheme M up to codimension 1, and there is a universal family £± as a 
twisted sheaf. Indeed we may choose Ml{w) as the moduli space of rank 1 torsion free sheaves, M^{v) or 
A/^'^(— w^). Then ('^±) dual is a family of torsion free sheaves of rank 2. For simplicity, assume 

that £ := ^x-^Xii^^^ ^ family of torsion free sheaves. Applying the above observation to this situation, 

we get a family of torsion free sheaves £* = {^x^S%i^±y)* ■ Then £^ := ^x^^l,xii'^x'-\%i^±y )*) is a 
family of stable objects with respect to (/3,ajzp). Therefore we have an exact triangle 

£zp ^ £± ^ T ^ £zp[l] 

where is a family of stable objects with the Mukai vector wi parametrized by a divisor D. Then we have 
an identification ;^^)(u) = M(^fj^^^){v) up to codimension 1. Thus M(^p i^^){v) is also represented by M. 
We set K := M n Kl{w). Since codim^^(^)(A:t(w) \ K) > 2, H'^{Kl{w),Z) ^ H^{K,Z). For x e v-^, we 
set 

0±{x) := -[pK.{cH£±yp*{x))]i e H\K,Z) 

where pk : X x K ^ K and p : X x K ^ X are the projections, and [z]i means the H^{K, Z)-component 
of z. We shall compare two isometries 9±. We write D = d^{d). 

Lemma 4.4.1. 

d = v ^^1- 

Proof. Let £ be the family of torsion free sheaves as above. We set v' := v{£\Xix{s}): ^ G Kl{w). It is 
sufficient to prove 

(4.4) 2c^{D) = -[pK.{ch{£*rP*{2v' - {v',v')gx,))]i. 

where px and p are the projections from X^ x K . Let £ be an (a^ x (a')^)-twisted line bundle on Xi x K]^{w) 
which is an extension of detf*. Indeed since [a x a'] is a 2-torsion element of the Brauer group, the category 
of (a^ X (Q!')^)-twisted sheaves is equivalent to the category of coherent sheaves. Since V\c^{Kl{'w)) is 
trivial, we have a decomposition C = Li Kl L2, where Li and L2 are (a^)-twisted line bundle on Ai and 
(a')^-twisted line bundle on Kl{w) respectively. We note that £* is reflexive and £ = £* ^ (detf*)^. Hence 
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£ = £* ® [Li M L2Y ■ Let G be an a- twisted vector bundle of rank 2 on Xi such that v{G) = v' . Then 
v{G'^ (g) Li) = ij(G) = v'. We have dct * (fxt^ G, OjCix/f)) = Ok{'2D). By using the relative duality, 
we see that 

PK\{£xt\£ ® G,Oxixk)) = -VK\{£'' ® G^) + PK\{£* ® G^) 

- -pA'!(f * ® {Li M L2y,G'' H OK)+PK\i£* ® G'') 

= -PifKf* ® (g G, Ox'xif) i2 * (g G^). 

Hence 

0^(21?) =detp!(£:a;ti(£® G,C'x,xx)) 

= detpif!((£:*)^ ® Li ® G^)^ ® ^(V,«(Li«5G)> ^ detp,f!(r ® G^) 
= detpif!((£-*)^ ® (Li «) G^ - «) G))^ + G))^, 

where ^ is an a- twisted structure sheaf of a point xi e Xi. Since 

v{Li ® G'' - {v', v{Li ® G))A + G) = i;' - {v' , v'}gx' + v' , 
we get (|4^ . □ 

Proposition 4.4.2. M^e /ia?;e 6'±(x) = 6'zp(x — {wi,x)d),x £ and 

X — {wi, x)d ^ X — 2 ^ J J d, X E . 

r/i-us o (?-|- is t/ie reflection by d. In particular, it is an isometry of . 
Proof. For x £ , (14. 3p implies that 

(4.5) 6±{x)^6^{x)-{wi,x)d^{d). 

By Lemma [4.4. 11 we have {d^) = — (u^)- Since ^^^{wi,x) ~ —{d,x), we get the claim. □ 

Remark 4.4.3. If 9+ and 0- are isometrics, then we can determine d as follows. Since are isometrics, 
()4.5|) implies that 



= (0±(x)2) = {d^{x-{wi,x)df) = {{x- {wi,x)df) = -2(x, {w,,x)d) + {wi,x)^d^) 
for .T G u^. Hence we get 

-2{x,d) + {wi,x){d'^) = 0. 

Since {v-^)-^ = Zw, we have —2d + {d^)wi = nu, n e Z. Then n(u^) = {d'^){wi,v) = 2{d^), which implies 
that d = —(n/2)v + (n/4)(u^)u>i. Then we have 

n(«2)=2((-|. + J(.2)^i)^). 
Thus n — 0, —2. Since (u, wi) 7^ 0, n = —2. Therefore 

d^v —wi 

Remark 4.4.4. If {wi,u) G 2Z for any u G i7*(X, Z)aig, then M(^^^j_)(i;) are isomorphic to open subschemes 
of the moduli of stable twisted sheaves on X'. Thus we have a moduli space ^^^^(w) as a scheme. 

We have the following refinement of |29) . 

Corollary 4.4.5. Let X be an abelian surface. Assume that there is a primitive Mukai vector u G 
H* {X,'Z)ii_ig such that (u,v) — (u^) = 0. Then we can explicitly find a Fourier-Mukai transform $ which 
induces a birational map Mniv)--- — > Af||, (w'), where M||, (w') is a moduli space of a-twisted sheaves of 
dimension 1 on an abelian surface. Moreover this birational map induces an isomorphism of the second co- 
homology groups provided (f^) > 6. Thus we can explicitly describe the line bundle on Kh{v) which induces 
a rational Lagrangian fibration Kh{v) •••—>■ P^" >/2-i, 
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5. Appendix. 

5.1. Stability condition and base change. Now we discuss on the behaviour of our stabihty condition 
— (2l(/3,a;)5 ^(^i.Lj)) under a field extension L/t. Let us write by the base change of X, and set 
standard morphisms as 

Xl X 



SpecL > Spect 

p 

For given f3,H,uj on X, we denote by f3',H',oj' the pull-backs on X^. The stability function 
D(Xi) — > C is defined in the same way as Z^p_^y. 

Z(fi'.o.'){EL) (e^'+^"',z;(£;L)), El E D(X). 
The function Z(^pi _^i){El) is also defined in the same way: 



Lemma 5.1.1. Assume that the extension L/t is finite. 

(1) For an object El G T>{Xl) we have 

[L:t]Z(p,^^,){EL)^Z(p^^){p:EL). 

(2) For objects El,E'^ G T>{Xl) we have 

^(^p.,^.){e'l,El)>Q ^ ^pMp'*e'l^p'M>0- 

Proof. Note that for an object El G 'D{X) we have 

= dimLWAviEL) ■ e'^'+v^"')], 

where • in the right hand side means the intersection product on the Chow group A*{Xl) and [ ]o denotes 
the degree zero part of an element of A*{Xl). Then we have 

[L : i]Z^p,,^,){EL) = dim(p4<(w(i?L) • e^'+^"')]o = dun,[TT,p:{v{EL) ■ e^'+^"')]o 

= dim.iTTMp'.EL) ■ e/+^n]o = Z^p^^^{p:El). 

Here at the third equality we used the projection formula. Thus we have (1). Then (2) follows by the 
definition of □ 

We denote by €l and 2t(^/,„/),i the categories over L, which are similarly defined as £ and 21(^3^^). Then 
the stability condition cr(p'^ui').L {^^{P'.lj').l, Z^pi^^i^) is well-defined. 

Lemma 5.1.2. (1) The derived pull-back p'* : D(X) — > D(Xi) induces an exact functor p'* : 21(^3. cj) ^ 

(2) The derived push-forward p'^ : D(Xi) — )■ D(X) induces an exact functor p'^ : ^(i3'.uj').l ^ ^(i3.lj)- 

Proof. What should be shown is that the image p'*(2t(^^^)) (resp. p'^{^{i3' is indeed in ^(i3\uj').l (resp. 
in 2t(^ ,^)). The case (1) is clear, since the twisted semi- stability is preserved under pull-back. 

For the case (2), let i? be a /3'-twisted semi-stable object of £l- it is enough to prove that p'^,{E) is also 
/3-twisted semi-stable. 

We may assume that i is a normal extension of t. Indeed for a normal extension L' of t containing L, 
q'M'*{E)) = E®^^''-^\ where q' : Xl' Xl is the projection. 

Let be a subobject olpC{E). Then p'*{F) is a subobjeet oip'*p'AE). By Lemma EIO] below, p'*p'AE) 
is a /3'-twisted semi-stable object with x{p'*p'*{E){n)) = x{p'*{E){n)). Hence 

xjFjn)) _ x{p'*{F){n)) ^ x{p'.{E){n)) 
rVF rkF " rkp'^E) 

Therefore p^E') is /3-twisted semi-stable. □ 
Lemma 5.1.3. p'*p'^{E) is a successive extension of E. 

Proof. We note that p'*p'^(£') — E®L{L®tL). Since i is a normal extension of {, i? := L®{L is a successive 
extension of i?-modules R/mi, where m,; are maximal ideals of R and R/mi = L. Since E (E)l (R/vni) E, 
p'*p'^ (E) is a successive extension of E. □ 

Proposition 5.1.4. Assume that the extension L/t is finite. If E is a semi-stable object with respect to 
'^{p,uj)j then p'* E is semi-stable with respect to c^[pi ^u)'),L- 
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Proof. Assume that p'*{E) is not semi-stable with respect to cf^is'^uj')- (Here we are imphcitly using Lemma 
[OI2](l).) Take a distabilizing subobjcct F of p'*(£'), so that we have Y,(^fi,^^,-){F,p'*{E)) < 0. Then by 
LemmaEXU (2) we have j:^p^^){p'^F,p'^p'* E) < 0. 

On the other hand, since p'^p'*E ~ E"^ with d := [L : t], p'^p'*E is a semi-stable object with re- 
spect to o'(^ ,^). Then since p'^F S 2t(^^) and it is a subobjcct of p'^p'*E by Lemma [5.1.21 (2), we have 
'^{p,hj){p'*F:P'*p'* E) > 0. Therefore by contradiction the claim holds. □ 

Remark 5.1.5. This claim implies that our stability condition cr(^/ (^z)^ is a member of Stah{XL)p in PUI 
Definition 3.1]. 

Corollary 5.1.6. Let L = I, the algebraic closure oft. If E is a semi-stable object with respect to <J[p^u:), 
then p'* E is semi-stable with respect to <J[pi^u'),L- 

Proof. Assume that p'*E is not semi-stable with respect to cr(^/ ,^/) Let F be the distabilizing subobject 
of p'*E. Since F is (a class of) a complex consisting of coherent sheaves, we may assume that F is defined 
on a field L' such that J C i' C L = 1 and [L' : < oo. Then by Proposition 15.1.41 p^'-/!,- E is semi-stable 
with respect to Cf^pn , where p'j^i^^ ■ X^i X and are pull-backs of /3,a; via { L' . But it 

contradicts with the choice of F. □ 
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